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In this paper we discuss correlation functions in certain A-twisted Landau-Ginzburg mod- 
els. Although B-twisted Landau-Ginzburg models have been discussed extensively in the 
literature, virtually no work has been done on A-twisted theories. In particular, we study 
examples of Landau-Ginzburg models over topologically nontrivial spaces - not just vector 
spaces - away from large-radius limits, so that one expects nontrivial curve corrections. By 
studying examples of Landau-Ginzburg models in the same universality class as nonlinear 
sigma models on nontrivial Calabi-Yaus, we obtain nontrivial tests of our methods as well as 
a physical realization of some simple examples of virtual fundamental class computations. 
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1 Introduction 



Landau- Ginzburg models have become a standard set of models in string compactifications. 
Their B model topological twistings have been studied extensively. However, there has been 
very little work on A model topological twistings of Landau- Ginzburg models. In this paper 
we study such A-twistings. 

We are interested in Landau- Ginzburg theories defined over topologically nontrivial noncom- 
pact spaces, rather than merely Landau- Ginzburg models over vector spaces, and we will not 
work at infinite-radius limits of the underlying space. For such models, away from large- |r| 
limits, one does expect nontrivial curve corrections, hence A-model twistings should give 
interesting information. 

Let us speak to a potential language confusion. In the physics literature, the term "Landau- 
Ginzburg" has often only been applied to (ungauged) linear sigma models on vector spaces 
with a superpotential. The phrase "hybrid Landau-Ginzburg" has been used to describe 
phases of gauged linear sigma models (GLSMs) involving nonlinear sigma models (NLSMs) 
with superpotential on stacks (as we shall describe in more detail later in this paper). NLSMs 
with superpotentials on general spaces have only rarely been considered in the physics com- 
munity. In the math community, on the other hand, the language usage is often different: 
the term "Landau-Ginzburg" is often used to describe a NLSM with superpotential on any 
space, not just a vector space, and the term "hybrid Landau-Ginzburg" does not seem to be 
used at all. To be clear, in this paper, we shall use the term "Landau-Ginzburg" to describe 
NLSMs with superpotential on general spaces and stacks. We will also sometimes use the 
term "hybrid Landau-Ginzburg," though exclusively to describe NLSMs with superpotentials 
on stacks arising as phases of GLSMs. 

We will check our methods by comparing correlation functions in A-twisted Landau-Ginzburg 
models to those in NLSMs in the same universality class. In doing so, we will find some 
interesting results, including a physical realization of some of Kontsevich's tricks for com- 
puting Gromov-Witten invariants and simple virtual fundamental class computations. To 
physically realize the virtual fundamental class computations appearing in Gromov-Witten 
theory, one would need to consider theories coupled to worldsheet gravity, and we do not 
perform such a coupling. Nevertheless, our results suggest that if one were to closely an- 
alyze the physics of Landau-Ginzburg theories coupled to topological gravity, one should 
be able to give a physical derivation of the virtual fundamental class constructions used in 
Gromov-Witten theory. 

We begin in section [2] with a review of untwisted and B-twisted Landau-Ginzburg models 
over general spaces. As quantum field theories, these are supersymmetric NLSMs with 
superpotential. We describe the chiral rings of the B-twisted theories in detail as certain 
hypercohomology groups, and then check that the general description correctly specializes 
in various well-known examples. 
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In section[3jwe discuss A-twisted Landau-Ginzburg models. The A-twisting of the underlying 
NLSM does not naively lift to the theory with the superpotential - twisting the Yukawa 
couplings breaks worldsheet Lorentz invariance. There are at least two workarounds. We 
spend the bulk of the section discussing shifts the twist using an isometry of the underlying 
space that lifts to the superpotential. We apply this method to A twist examples of Landau- 
Ginzburg models in the same universality class as NLSMs on nontrivial Calabi-Yaus. Since 
the topological field theory is invariant across universality classes of renormalization group 
flow, the correlation functions of the (A-twisted) Landau-Ginzburg theory must match those 
of the corresponding (A-twisted) NLSM, and this provides some thorough checks of our 
methods. The Landau-Ginzburg correlation functions give the same results but the details 
of the computations are different. In particular, the Landau-Ginzburg computations give, to 
our knowledge, the first physical realization of some very simple virtual fundamental class 
computations, and also nearhy0 the first physical realizations of some tricks of Kontsevich 
[3J. We also describe related computations in corresponding GLSMs - although not directly 
pertinent, the same methods we apply to Landau-Ginzburg models can also be applied to 
GLSMs, and so provide some additional indirect tests. 

In section H] we very briefly outline how the hybrid Landau-Ginzburg phases appearing in 
limits of generic GLSMs can be understood as Landau-Ginzburg models over stacks rather 
than spaces. A detailed analysis of those theories will appear elsewhere. 

Finally, in appendix |AJ we describe one alternative A twist to that discussed in the bulk of 
this paper, and then in appendix [B] we prove a result on hypercohomology that is used in 
chiral ring computations. 

Although A-twisted Landau-Ginzburg models have been discussed only rarely in the litera- 
ture, they have been discussed previously a nonzero number of times. For example, [I] writes 
down the action for an A-twisted Landau-Ginzburg model over a vector space, in the special 
case that the worldsheet is a complex plane (avoiding various subtleties in defining the twist 
on more general worldsheets) . More recently, as this paper was being finished, the papers 
[HI [6] appeared, which describe a mathematical ansatz for correlation functions in A-twisted 
Landau-Ginzburg models. On the one hand, [HI [6] also couples to topological gravity, which 
we do not; on the other hand, [5j [6] only consider Landau-Ginzburg models over (orbifolds 
of) vector spaces, whereas we are interested in more general cases. Briefly, our concerns and 
results seem to be orthogonal to those of [5J E] • 

1 The trick in question, turning an integral over a moduli space of curves in a hypersurface in a toric 
variety into an integral over a moduli space of curves in the ambient toric variety, was also physically realized 
in [T], which described A-twisted sigma models on supermanifolds. However, although it was argued there 
that some subset of the A model correlation functions on the supermanifold matched certain of those of 
A-twisted NLSMs, it is not clear whether all A model data, much less the full conformal field theory, should 
match. In the present case, the CFT associated to the Landau-Ginzburg model does match that of the 
NLSM. In addition, the paper [5] made an ansatz for computing quintic correlation functions in terms of 
those on P 4 , that is mathematically equivalent to the trick in question; however, they did not claim to have 
any sort of physical derivation of that ansatz. 
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In the upcoming work [7], we shall discuss A-twisted heterotic Landau-Ginzburg models. 



2 B-twisted Landau-Ginzburg models 

2.1 Review of untwisted Landau-Ginzburg models 

A Landau-Ginzburg model is a NLSM together with a superpotential. To define such a 
model, one must specify both a complex Riemannian manifold and a holomorphic function 
- the superpotential - over that Riemannian manifold. 

The most general Landau-Ginzburg model (over a space) that one can write down has the 
following action: 

+ R^\tf + $hj?_ + 2g i3 d i WdjW + ^iDidjW + tPlijlDjdjW^ , 
where W is the superpotential and 

DtdjW = d&W - T%d k W. 
The fermions couple to the bundles 

i)\ g r C oc (k)1 2 ® (0*r 1 -°x) v ) e r coo (if J/ 2 ® ^t - 1 *) , 

where Ky, denotes the canonical bundle on the worldsheet S. The bosonic potential is of the 
form |<9jiy| 2 . The action possesses the supersymmetry transformations: 
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= -a_d<f - ia + tfjlr w ijf 




^a^ 


.g y djW 


#1 


= -a+dft - ia^ 3 + T) m ^ 


+ 


ia. 




5ipl 


= - a+ W - ia^ + vyiF 


+ 


id- 


.g Jj djW. 



The ordinary NLSM is classically scale- invariant, but notice that the action above is not 
scale-invariant even classically when W ^ 0. This means that Landau-Ginzburg models 
are not themselves conformal field theories. However, we can use them to define conformal 
field theories by applying renormalization group flow - the endpoint of which is a (possibly 
trivial) conformal field theory. 
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2.2 Review of B-twisted Landau- Ginzburg models 



In this section, we will review B-twisted Landau- Ginzburg models, as originally described in 
[8]. The B twist for the theory with superpotential is defined by taking the fermions to be 
the sections of the bundles 

iPl e r CO o ^(0*T 1,o x) v j e r coo (^t ' 1 ^) . 

For the ordinary B-twisted (2,2) NLSM, X is constrained to have its canonical bundle square 
to the trivial bundle, a condition often stated as the sufficient - and in particular, not 
necessary - condition that X must be Calabi-Yau jH [10] • The same condition is present here: 
in order to make sense of the path integral measure in the B model with superpotential, we 
must also demand that K^ 2 is trivial!. 

It is convenient (and conventional) to define 

rf = i>\ + i> % _ 

Pl = ^ + 

The scalar supersymmetry transformation parameters are a + and <5_, as before. Taking 
a + = at- = a as before, the BRST transformations are now 

6^ = 
50* = iarf 
5rf = 

56i = -2iadiW 
5p % = -ad(j)\ 

These are almost the same as for the ordinary B model, except that Qi is no longer BRST- 
invariant. 

2 One way to sec this is to think about the path integral measure in the Landau- Ginzburg theory: the 
result follows from demanding that the path integral measure be a scalar, not a section of a bundle, just as 
in the usual story for NLSMs without a superpotential. In (2,2) GLSMs, we can reason as follows. Since the 
superpotential is gauge-invariant, it cannot contribute to the one-loop anomaly diagrams, unless it gave a 
mass to one of the fields. But then, it would have to give a mass to a pair of fields, which would necessarily 
be of equal and opposite charge, hence the linear anomalies could not be affected by the superpotential. 
Similarly, back in a NLSM, if X were the total space of a nontrivial vector bundle, then to give a mass to 
some of the fiber directions would require that the various bundle factors be dual to one another, hence the 
anomaly condition would reduce to that of the base. 
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The chiral ring for this theory can be built in almost the same fashion as for the ordinary B 
model, i.e. states are BRST-closed (mod BRST-exact) products of the form 



Mathematically, because 6 is no longer BRST-invariant, these can no longer be interpreted 
as sheaf cohomology of exterior powers of the tangent bundle, but rather [TT] are hyperco- 
homology of the complex 

i dw^ /^^x %dW - > A 2 T X tdW ) IX ldw %) q 

This hyper cohomology can be described as the endpoint of a spectral sequence, with Ef'^'s 
given by degree p sheaf cohomology on X valued in the gth cohomology sheaf of the complex 
above, i.e., 

E p ' q = H p (X,H q ). 

However, there is an easier way to understand these groups. First, in the special case that Y 
is a fat point (for example, if X is a vector space and W a quasi-homogeneous polynomial in 
the chiral superfields), then the complex ([1]) is exact, and the hypercohomology immediately 
reduces to H*(Y, A*TY), or more simply (since Y is a point), H°(Y, Oy\ We shall see in the 
next section that this matches the standard result for the chiral ring of Landau- Ginzburg 
models over vector spaces with quasi-homogeneous superpotentials. In appendix [B] it is 
shown for more general cases that that the hypercohomology of the complex ([1]) is given by 

H* (Y, A*TY <g> A top N^ /x ) , 

where Ny/x is the normal bundle to Y in X. We shall see in the next section that in cases in 
which the Landau-Ginzburg model RG flows to a nontrivial NLSM, the bundle A top NY/x is 
trivial, and so the sheaf cohomology above reduces to the chiral ring of the B-twisted NLSM 
on Y. 

Unlike the ordinary B model, the B-twisted NLSM with a superpotential is not BRST exact. 
Rather, the stress tensor is exact, implying that the theory is indeed independent of the 
worldsheet metric. In particular, rescaling the worldsheet metric is equivalent to adding 
BRST-exact terms to the action (see [8] for more information.) Under such a rescaling 
z I— > Xz, the superpotential-dependent terms in the action become 

d 2 z (2X 2 g i ^d l WdjW + c'.r' PiO^V + X 2 ^\^_D^W) 

= 1 Jj 2 z [ZX^vdiWdjW + ffADidjW + ^AV^A^W) 

in the B-twisted theory (where we have used the fact that are worldsheet vectors and ip± 
are worldsheet scalars). Since A is arbitrary, we can take a large A limit from which we see 
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that contributions to correlation functions will arise from fields such that dW = 0, which 
(since W is holomorphic), is equivalent to configurations such that dW = 0. 



We may thus restrict to degree zero maps, and the path integral reduces to ordinary and 
Grassmann integrals over bosonic and fermionic zero modes. For large A, the path integral 
reduces to the product of an integral over bosonic zero modes 



(2) 

(for the NLSM on the target X = C n ) and an integral over the fermionic zero modes 



, (3) 



a' 



•exp(-3 j fifiDidjW 



where A is the area of the worldsheet S. The zero mode % indices are implicitly contracted 
with a holomorphic top- formal fix on X, so that for example 



The rf and Qi zero modes couple to a trivial bundle, spanning a dim X-dimensional vector 
space, while the p\ and p\ zero modes are respectively holomorphic and antiholomorphic 
sections of the worldsheet canonical bundle tensored with the (trivial) pullback of the tangent 
bundle of X. Since only the i] 1 , 9^ zero modes are constants, only in the first exponential 
factor of equation (j3J) may be trivially integrated over the worldsheet S to give a factor of 
the worldsheet area A. 

Now, let us evaluate the bosonic factor 



We will argue in a moment that the method of steepest descent will give an exact answer for 
this integral, not just the leading order term in an asymptotic series, because we can make 
A arbitrarily large. To see this, expand 

= 00 + ^0, 



3 For simplicity, we assume that X is Calabi-Yau, rather than merely obeying K^ 2 ~C As discussed in 
[10j . the difference is minor in any event. 
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where 0o is a constant map that solves dW = 0, and 5(f) is a perturbation to another 
(constant) map. Then we see that the potential term in the action can be expanded as 



- / d 2 z 

a' 



Now, define 



A 



'a' 



We see that the expansion of the potential term in the action now has the form 



d 2 z 



a' 



-2^{D k d t W)(<p a )(D^W)(^Wr + 



Furthermore, the terms of greater than quadratic order are suppressed by factors proportional 
to A -1 . Since we can make A arbitrarily large without affecting correlation functions in the 
topological subsector, the method of steepest descent gives an exact answer to the integral 
in the A i— > oo limit. 

In any event, given the general analysis above, we can evaluate the bosonic zero mode integral 



J #exp ^-2^ \ xd i w f) 



This is simply a multi- variable Gaussian, along directions transverse to V = {dW = 0}, plus 
an integral along Y. If we define 

H = det [DidjW) , H = det (D T djW) , 

we can read off, more or less immediately, thafl 

[ d(f)exp [ -2— V \\diW\ 2 ) = / d(j) exp [ -2— t V \\diW\ 2 ) 
Jx V a i ) J «r/* \ a i J 



71 



a 



^] \~ 2n H~ r H 



Here, My/x is the total space of the normal bundle to Y — {dW = 0} in X, the Hessians H 
and H are to be evaluated at each point of Y, and n is the codimension of Y in X. 



4 We will assume, throughout this review of B-twisted Landau- Ginzburg models, that the Hessian H is 
nonvanishing everywhere along the {dW = 0} locus, since our goal is primarily to reproduce the results 
of [8], albeit in a slightly more general context. This is usually not true for examples of Landau-Ginzburg 
models over vector spaces with quasi-homogeneous superpotentials, an important class of examples that one 
must deal with in a slightly different fashion. 
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Next, let us evaluate the factor corresponding to fermionic zero modes: 

J J] {drf) (dOi) exp ^-I^AVrtAa^) | J] (v 7 ^) (V^dpi 

•exp (-1 J^piDAWy 

Given the zero mode counting outlined earlier, if dim Y — 0, then we see immediately that 
these factors by themselves would give 

/ II (^)exp (-iiAV^A^w) = 1 (-^)"# 

/ II (^4) exp (~ I/ADAW) = ^ (-) 

where (7 is the genus of the worldsheet E. Proceeding a little more carefully, in a more general 
case where dim Y need not vanish, one finds at worldsheet genus zero that 

{0i ... 0n)= f d A* ■ ■ ■ ^^-v),,^ {D- k d m W) ■ ■ ■ {Djd m W) ^ (4) 

where each Oi is represented by the operator 

In writing the expression above, it is implicitly assumed that Kx is trivial; if K^ 2 rather 
than Kx is trivial, one merely replaces the product of two fix's with a trivialization of K^ 2 - 
We have been sloppy about factors of i and tc; more important are the facts that, first, all 
factors of a', A, and A cancel out as expected for the topological field theory, and second, 
the contribution from H will also cancel out, giving a result that depends only upon the 
holomorphic quantity H . 



2.3 Consistency checks 

As our first consistency check, we consider the special case that the Landau-Ginzburg model 
is defined by a quasi- homogeneous potential over a vector space C n . First, we compare 
the chiral ring derived from our general considerations to the standard results. In this 
case, the spectral sequence above degenerates: each 7i q has support only at a point, so the 
hypercohomology at degree p is given by 

H° (pt,W). 
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As discussed earlier, the hypercohomology is the same as H*(Y, A*TY), where Y = {dW = 
0}. In this case, Y is a zero-dimensional schem^l, so the only nonzero group is 



H (Y,O Y ) = C[xi,--- ,x n ]/{dW), 



which matches the standard physics result [8] for this case. 

As a further check, in this special case equation (Tj0) reduces to the standard result for 
B-twisted Landau-Ginzburg model correlation functions in |8j. Here, the correlators are 
polynomials with no 77 or 9 factors, and the H in the denominator of equation (jlj) cancels 
the factors of d W in the numerator. Equation (j4]) thus reduces to the standard result 



for g = (since Y is dimension zero, the integral has been replaced by a sum.) Wedge 
products are omitted: each of the correlators above correspond to degree zero forms, for 
which wedge products are equivalent to ordinate products. 

As another check of this result, we can compare correlation functions of certain Landau- 
Ginzburg models and the NLSMs to which they flow. The topological subsector should be 
preserved by renormalization group flow, hence the correlation functions should match. We 
will use such examples at several points in this paper to check our computations, so let us 
elaborate on their details. 

In particular, we consider the quintic. Now, to be clear, the Landau-Ginzburg model we shall 
study is not defined by a quintic polynomial on the orbifold [C 5 /Z 5 ]. We emphasize this, 
because it was sometimes mistakenly claimed in older literature that that Landau-Ginzburg 
model flows to a NLSM on the quintic. The correct statement is that that Landau-Ginzburg 
model defines a distinct CFT at its RG endpoint, one which is on the same Kahler moduli 
space as a NLSM on the corresponding quintic. Although this has been known for many 
years, some authors persist to this day in incorrectly claiming that the Landau-Ginzburg 
model above flows to a NLSM on the quintic under the renormalization group. 

Instead, we consider a different Landau-Ginzburg model, one which (unlike the one above) 
should flow under the renormalization group to a NLSM on the quintic. Consider a Landau- 
Ginzburg model defined on X given by the total space of the line bundle 0{— 5) — > P 4 , with 
superpotential W = pG(<fi), where p is a fiber coordinate on 0(— 5), and G(<p) is the defining 
polynomial of the quintic, but expressed in local coordinates on P 4 . Across coordinate 
patches, both p and G(<p) transform non-trivially, but in opposite ways, so that the product 
pG(<f)) is a well-defined function globally. The F-terms in this Landau-Ginzburg model are 

5 On an unrelated note, for a description of how schemes can be used to describe certain D-branes, see 




Y 



rrj. 
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of the forir(§ 

\G{<P)\ 2 + £ 

i 

By assuming that the quintic is smooth and following the same F-term analysis as for GLSMs, 
we find that this Landau- Ginzburg model should flow in the IR to a theory defined over 
p = G = 0, which is exactly the quintic inside X. 

This Landau-Ginzburg model is very reminiscent of the structure of the GLSM for the quintic, 
and indeed, this is no coincidence. Naively, the Landau-Ginzburg model above represents an 
intermediate step along renormalization group flow between the large-radius region of the 
quintic GLSM and the NLSM. 

Let us perform consistency checks on a more general family that includes the quintic above 
as a special case. Consider Landau-Ginzburg models over spaces X of the form 

X = Tot (£ B^j , 

for £ a holomorphic vector bundle on B, with a superpotential W = p a s a . Here the p a 
are fiber coordinates on £ and s a denotes the local form of a holomorphic section of £ v . 
Let Y denote the vanishing locus of s, i.e., Y = {s a = 0}. From the form of the F terms 
implied by the superpotential, this Landau-Ginzburg model appears to flow9 to a NLSM on 
Y. Let us check our general picture of B-twisted Landau-Ginzburg models by comparing 
Landau-Ginzburg computations in this theory to computations in the corresponding NLSM. 

First, let us compare anomalies. In order for the B-twisted Landau-Ginzburg model to be 
consistent, the space X must have K® 2 = Ox (this is the condition that is more commonly 
claimed to be that X must be Calabi-Yau). Given this condition on X, it is straightforward 
to check that Y must also satisfy anomaly cancellation in the B-twisted NLSM. First, from 
the short exact sequence 

— ► tt*£ v — ► TX — ► tt*TB — ► 0, 

we have that Kx — ^*Kb <8> 7r*A top £. Similarly, there is a short exact sequence 

— > TY — ► i*TB — > i*£ — ► 0, 

where i : Y ■=— > B is the inclusion map, and we have used the fact that the normal bundle 
My ib — i*£- From this short exact sequence, we find K Y = i*K B ®i*A top £. Let i : B X 

6 After a mild coordinate change at any point to remove cross terms. 

7 Note that in general a B-twisted Landau-Ginzburg model on a noncompact Calabi-Yau need not flow 
to a NLSM on the subspace {dW = 0}. For example, consider a Landau-Ginzburg model on C" with W 
a generic homogeneous polynomial of degree d. Only in the special case that d = N + 1 could one hope 
that the locus {dW — 0} would be a local model of a Calabi-Yau; in all other cases, a B-twisted NLSM on 
{dW — 0} could not even exist, much less be the endpoint of RG flow from a Landau-Ginzburg model. 



dG 
P dxi 
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be inclusion along the zero section of S v , so that it o i o % = %. Putting these together, we 
find that 

(i oi)*K x = (i oiy7r*K B ®(i oiy7r*A top £ 
= i*K B ®i*A top £ 
= K Y ® i*A top £ y <g> i* A top £ 
^ K Y . 

As a result, we see that if Kf = O x , then K® 2 = Oy. Thus, if the B-twisted Landau- 
Ginzburg model is anomaly- free, then so is the B-twisted NLSM to which it flows. This also 
serves as a form of 't Hooft anomaly matching, a consistency check on our claim that these 
two theories are related by renormalization group flow. 

From the general discussion in the last section and appendix [Bj the additive part of the 
chiral ring in this theory, as defined by the hypercohomology of a sequence discussed earlier, 
is given by 

H* (F, A*TY ® A top N^ /x ) , 

where Ny/x is the normal bundle to Y in X. However, in the present case, we can show 
that Ny/x has trivial determinant. To see this, first note from the short exact sequence 

> TY ► TX\y ► Ny/x — ► 

one has K Y = K x \y ® A top N Y/x . We showed above that K Y = K x \y, hence, A top N Y/x 
is trivial, and so we see that the additive part of the chiral ring in this B-twisted Landau- 
Ginzburg model is given by 

H* (Y, A*TY) 

matching the BRST cohomology of the B-twisted NLSM on Y. 

Next, let us check that correlation functions in the Landau- Ginzburg model match those in 
the NLSM to which it flows. First, recall the expression given in equation (j3J) for genus zero 
correlation functions, 

4 ■ ■ ■ uUtox? ^(H^ (D^W) ■ ■ ■ (Dj^W) 

HE 

To rewrite this in terms of data on Y, we will need an expression for the holomorphic top- 
form on Y. From [13j[p. 147], for a hypersurface V = {/ = 0} in a manifold M, for any n 
there is an isomorphism 

which for any k is given in local coordinates by 

LU ll ... in dz 11 A • ■ ■ A dz in / \k ( \ dz h A • ■ ■ A dz ik A • ■ ■ A dz in 



(O x ---O n ) = J 
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The fact that this holds for any k follows from the identity 



x l = 0. 



Specifically, if one solves for one of the dx's using the expression above and plugs in, then 
the result is the same expression back again but with a different k. In the present case, we 
have a local complete intersection Y = {s = 0}, for s G T(S v ). If we let X denote the total 
space of 7r : £ — > X, with Pi, • • • ,Pk local coordinates along the fibers, then 

Y = { Pl = ...=p k = = s 1 = ... = s k }. 
Iterating the expression above, we find 



(fiy). • = (±) 



where the O's are the holomorphic top-forms on X and Y, and A; is the rank of S. As a 
result, we can write 

y HE 



(using the previous conventions for indices of the a/s). Thus, we see that correlation functions 
in the B-twisted Landau-Ginzburg model are given by 



Y)j-j, 

which precisely matched correlation functions in the B-twisted NLSM, verifying that they 
lie in the same universality class. 

Another set of consistency checks one could explore involves matrix factorizations. For 
example, for the Landau-Ginzburg model on the total space of the line bundle 0{— 5) — > P 4 , 
that RG flows to a NLSM on a quintic in P 4 , the matrix factorizations in the Landau- 
Ginzburg model should be equivalent to sheaf theory on the quintic, by virtue of the fact 
that the two topological field theories are in the same universality class. More generally, in 
a Landau-Ginzburg model on the total space of a holomorphic vector bundle S — > X with 
suitable superpotential, the matrix factorizations should be equivalent to the sheaf theory 
on the zero locus of £ defined by the superpotential, again by virtue of the fact that the 



8 As in expression ((4]), the expression written implicitly assumes that Ky is trivial, not just K® 2 ■ In the 
more general case where K® 2 is trivial, one merely replaces the product of fiy's with a trivialization of Ky 2 . 
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two topological field theories are related by the renormalization group. To the best of our 
knowledge, these physically-obvious statements have not been proven mathematically. 

Another consistency check involving matrix factorizations was outlined in [Hj. There, it 
was pointed out that in a topological field theory, the Born-Oppenheimer approximation 
should be exact, so that in a B-twisted Landau- Ginzburg model on a space which is the 
total space of a bundle, the matrix factorizations should behave nicely fiberwise - matrix 
factorizations in the theory should be understandable in terms of matrix factorizations of the 
Landau- Ginzburg models along the fibers. Phrased more invariantly, matrix factorizations 
should behave well in families. This should tie into the previous observation concerning 
matrix factorizations, and also has not to our knowledge been proven mathematically. 



3 A-twisted Landau- Ginzburg models 

3.1 Making sense of the twist 

The A twist of the NLSM without superpotential is defined by taking to be worldsheet 

scalars, and the other two fermions to be worldsheet vectors. In other words, in the A-twisted 
NLSM without superpotential is defined by taking the fermions to be sections of the following 
bundles: 



As a result, the two scalar supersymmetry transformations are a_ and a + . 

Now, when we try to perform the same twist in a NLSM with superpotential, we run into a 
problem. Specifically, the Yukawa coupling terms involving the superpotential, 



are no longer Lorentz-invariant on the worldsheet after this twist - instead of becoming 
functions or (1,1) forms after the twist, as happened in the B-twist, they are now (1,0) and 
(0,1) forms. 

There are several possible ways to solve this problem, and so, several different notions of an 
"A-twisted Landau-Ginzburg model." For example, Appendix |A] contains a discussion of a 
notion of A-twist that is different from what we shall use in most of this paper. We are going 
to primarily work with an A twist such that an A-twisted Landau-Ginzburg model on the 
total space of a holomorphic vector bundle £ v — > B, with superpotential of the form p a s a , 
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S a a section of 8 and p a fiber coordinates, will to a NLSM on the zero locus {s a = 0} 
of the section s a of S. In particular, one example we will discuss in detail is an A- twisted 
Landau- Ginzburg model on the total space of 0{— 5) — > P 4 that flows to an A-twisted NLSM 
on a quintic Calabi-Yau. The superpotential in this Landau-Ginzburg model is W = pG, 
for p a fiber coordinate and G a generic section of 0(5), and the quintic is described as the 
zero locus of G in P 4 . 

In particular, since renormalization group flow preserves topological subsectors, this means 
that a good notion of Gromov-Witten theory for Landau-Ginzburg models ("LG-GW invari- 
ants") should have the property that the LG-GW invariants of a Landau-Ginzburg model on 
the total space of £ y — > B with superpotential as above, should match the ordinary Gromov- 
Witten invariants of the space {s a = 0} C B. We have heard several mathematicians speak 
in general terms of LG-GW invariants, though very little seems to be written up (see [3 [6] 
for a very recent example, and the introduction of this paper for a brief discussion). However, 
this prediction seems to be in agreement with general mathematical ideas about the struc- 
ture of LG-GW invariants: as explained to us [15] . any non-constant compact holomorphic 
curve must land in a fiber of the superpotential W, and to be invariant under gradient flow 
of the real part of W, dtW, the curve must lie in the critical locus of W which is precisely 
the zero section. Since the curve-counting must then match that of the zero section, the idea 
that LG-GW invariants of the Landau-Ginzburg model above should match the ordinary 
Gromov-Witten invariants of the zero section seems very natural. 

In order for our A twist to have the universality property described above, we need to twist 
by an R-symmetry - however, the R-symmetry of NLSMs does not lift to a symmetry of 
Landau-Ginzburg theories, as we have seen, so we must modify the left and right R-charges 
of the fields. It will turn out that for the case of the total space of a holomorphic vector 
bundle £ v — > B, with superpotential of the form p a s a , we will twist the chiral superfields 
describing local coordinates on B differently from those describing the fibers of £ v . 

To construct the R-symmetry for a Landau-Ginzburg model on X with superpotential W : 
X — > C, we need for X to admit a U(l) isometry for which W is "quasi-homogeneous," 
meaning that if a G U(l), then a*W = exp(i9)W where 9 is defined by a = exp(i6). In 
other words, the superpotential must be nearly invariant under the isometry: pulling back 
W along the U(l) isometry only has the effect of multiplying W by a phase factor. Phrased 
yet another way still, the superpotential W must have charge 1 under this isometry. Let J 
denote the current generating this isometry. 

We should note immediately that not every example will possess such an isometry. For 
example, the 'Toda duals' to the A model on P n do not [T6] [section 3.1], as one should 
expect - this obstruction to the existence of the A twist of the Landau-Ginzburg theory 
is mirror to the fact that the B model cannot be defined on P™, since the square of its 

9 We will always assume that not only is the vanishing locus smooth, but so are the components of the 
section. 
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canonical bundle is not trivial. Shortly, we shall see an additional constraint: not only must 
an isometry exist, but it must satisfy a certain "integral charge" condition in order to be 
able to perform the A- twist. 

Given such an isometry, we can now see how to fix the twist so that the two-dimensional 
action will be Lorentz- invariant. First, let us slightly rephrase the ordinary A-twist, in a 
manner that will make the resolution of the problem more clear. The ordinary A-model 
twisto modifies the bundles to which the fields couple by tensoring with 

where the fields have Qr, Ql eigenvalues as below: 



Field 


Qr 


Ql 


0* 








<fi 








r + 


1 





1>l 


-1 










1 


c 





-1 



For example, ip\, which in the untwisted theory is a C°° section of K^ /2 <g> (j)*T l >°X, in the 
twisted theory becomes a C°° section of 

K]! 2 ® K~ 1/2 <g> K% ® (j)*T lfi X = (j)*T l '°X. 

The twist above generates non-Lorentz-invariant terms in the theory with a superpotential 
ultimately because of Yukawa couplings of the form 

ip+iplDidjW. 

These terms are not invariant under the R-symmetries of the W = theory defined by Qr, 
Ql- However, if we define new charges by Q' R = Qr — Q, Q' L = Ql — Q, where Q is the 
eigenvalue of the isometry generator J, then the Yukawa terms above will be invariant. 

So, the new twisting will be defined by tensoring fields with 

K -(l/2)Q' R j^+(l/2)Q' L 

for Q' R , Q' R defined above, and the result will be a Lorentz-invariant action. 

In cases in which the Landau-Ginzburg model flows in the IR to a NLSM on some Calabi- 
Yau, we believe that this R-symmetry, defined by Q' R , Q' L , is the one that flows in the IR 
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The ordinary B-modcl twist involves tensoring with K ' ' ® K 



+(1/2)<? b _tH-(1/2)<Jl 
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to the R-symmetry of the NLSM. We believe this because we get the correct chiral ring and 
we do not see signs of any non-unitarity that one might expect if one were to use the wrong 
R-symmetry, as would happen if there were an accidental U(l) that appeared in the IR that 
mixed with the present symmetry. Furthermore, this is the standard trick to obtain such 
R-symmetries - for example, see [17]. 

One example of a Landau- Ginzburg model in which such an isometry exists was discussed in 
[TT] . There, a Landau-Ginzburg model over X = C 5 was considered, with a superpotential 
W defined by a degree-five homogeneous polynomial in the fields. The U(l) isometry was 
the simple <p l i— ► exp(2iria/5)<f)\ for a G [0, 1], under which W i— ► exp(ia)W. In the language 
above, Q(4>\ ip l + , -ip l _) = 1/5 and Q(4>\ if)+, ip l _) = —1/5, and so one computes 



Field 


Q'r 


Q'l 


<f) 1 


-1/5 


-1/5 


f 


1/5 


1/5 




4/5 


-1/5 




-4/5 


1/5 




-1/5 


4/5 




1/5 


-4/5 



which (up to a meaningless overall sign) matches table 2 of [TT] . 

If we were to try to push the A twist further in this example from [T7J , we would quickly run 
into a problem with integrality of charges: we would need to make sense of e.g. K^^ 2 ^ l ^\ 
which is only well-defined on worldsheets of special genera. Here, one would need to require 
that 5 divide g — 1, so the A twist of this example could only be defined on worldsheets of 
genus 1, 6, 11, and so forth. Performing an orbifold does not improve matters^ 

On the other hand, if one were to couple to topological gravity, which we do not do in 
this paper, then one would be able to get nonvanishing correlation functions in more genera. 
There, because one works over moduli spaces of punctured Riemann surfaces, special operator 
insertions can modify the canonical class of the worldsheet. In the present case, for operator 
insertions generating factors of 0(rrii), the condition for the twist to be defined would become 
that 10 divide 2g — 2 — Yli m ii so f° r an y genus g, one can find suitable operator insertions 
(mi's) so that some correlation functions would be nonvanishing. Such roots of canonical 
bundles are discussed in detail in [Hi [19]. Furthermore, we believe this is the strategy 

11 All bundles on a stack can be understood as bundles on the atlas, that are 'well-behaved' with respect 
to certain identifications. For a [Jf/Zg] orbifold, for example, all bundles on the orbifold are Zs-equivariant 
bundles on X . As a result, if there is no way to make sense of L 1 ^ 5 on X, then it also can not make sense 
over the stack [X/Zg]. This does not preclude the possibility of interesting bundles on stacks: gerbes, for 
example, often have bundles which cannot be understood as bundles over the base. In that case, however, 
all the bundles can be understood as honest bundles on the atlas - but only some of those descend to honest 
bundles on the base of the gerbe. 
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implicitly being applied in [HI E], as they are concerned with A-twisted Landau-Ginzburg 
models of precisely the form above, coupled to topological gravity As we do not couple to 
topological gravity, the condition for the twist to make sense imposes a very strong constraint 
on worldsheet genus, and so we will usually exclude these cases. 

The reader might object that there are other symmetries of the Yukawa coupling il) l + ip J _DidjW 
that one could twist by instead; however, those other symmetries will usually not be R- 
symmetries and so will not generate a scalar supercharge. For example, in the case of the 
Landau-Ginzburg model above on C 5 with quintic superpotential, one could imagine twisting 
by 



Field 


Q'r 


Q'l 


(J) 1 


1 


1 


r + 


-2 


-1 




-1 


-2 



with charges of the complex conjugate fields determined by negation. However, although 
this is a symmetry of the Yukawa coupling, and the action more generally, it does not obey 
the conditions Q' R {<p) = Q' R (^_), Q' L (<P l ) = Q' L (^), Q' R {^\) = Q' R {<P) + 1, or Q' L (^_) = 
Q'li^) + 1' which are required for this to be an R-symmetry. Imposing those conditions is 
equivalent to twisting by a U(l) isometry. 

Regardless of whether it is an R-symmetry, if we were to twist using the Q' R , Q' L above 

by tensoring K^^^'rK^^ 1 2 ^ L with those bundles to which our fields couple, then it is 
straightforward to check that there is no scalar supercharge: 

a_ G T(K- 3 ), a + G T(K 2 ), a_ G T(K 2 ), a + G T{K^). 

As a result, one cannot obtain a topological field theory in this fashion. 

Let us return to the example of X given by the total space of the vector bundle tt : £ v — > B, 
with superpotential of the form W = p a s a . Here also, there exists an isometry under which 
W is quasi-homogeneous, namely the isometry that rotates the p a by phases. In other words, 
Q(p a , V'+j '0-) = 1) Q(0 l > V'+j V 1 -) — where <fi l is a local coordinate along the base. (So long 
as we restrict to local coordinate patches on X of the form U x F for U open in B and F a 
fiber of S v , and coordinate transformations which are linear on fibers, i.e. p' a = A((f>)p a , the 
isometry defined above makes sense across patches.) In this case, we compute 



Field 


Q'r 


Q'l 
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Q'l 










V 


-i 


-1 


xPX 


1 










-1 







1 




-1 






20 





Untwisted Bundle 


Twisted Bundle 
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Table 1: Various fields in the Landau- Ginzburg description of 0(— 5) — > P 4 . 



The charges of the complex conjugates are minus those above, and so for brevity are omitted. 

From this we can read off the twistings, which we have collected in Table [TJ Therein, we 
have implicitly used the fact that as C°° bundles, a holomorphic vector bundle £ and the 
dual £ of its antiholomorphic complex conjugate bundle are isomorphic: £ = £ . 

Note that in this twisting, we must twist a bosonic field, the p field. Let us take a moment 
to discuss some details of this. Because the theory has (2,2) supersymmetry, all target- 
space-metric-dependent terms are determined by a Kahler potential, and because of the 
existence of the isometry, the p field enters the Kahler potential only in the combination \p\ 2 . 
Mechanically, we perform the twist by Taylor expanding^] the Kahler potential in powers 
of \p\ 2 and then replacing each \p\ 2 with g^PzP^, where g§? is the inverse of the worldsheet 
metric. Since we are just manipulating the Kahler potential, the result is guaranteed to 
still possess (2,2) supersymmetry. Moreover, because the kinetic terms for the p field are 
quadratic in derivatives rather than linear, we do not have to worry about picture-changing 
or other subtleties of linear bosonic kinetic terms described in [20] . 

In passing, note that if the superpotential were W = p k G for k > 1, where G is a section 
of a line bundle, then we would not be able to perform the A twist above because the 
charge-integrality condition would fail. 

12 Of course, not all smooth functions are real analytic. However, in order to make sense of NLSMs as 
quantum field theories, there is always an implicit assumption that metrics and so forth all admit Taylor 
series expansions with nonzero radius of convergence, so we are not assuming anything that is not routinely 
assumed by others. 
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These constraints on the space X and the superpotential W : X — > C - namely existence of 
a suitable isometry plus the integral charge condition - might conceivably be strong enough 
to insure that the only theories one can consider (for this notion of A-twisting) are ones in 
which X is the total space of a vector bundle and W = pG(<f)), for G a section of the dual 
bundle, theories which RG flow to NLSMs on the locus {G = 0}. Certainly we have not been 
able to find any twistable examples not of this form. Even if this is true, however, these 
methods are still useful in that they give alternative physical computations of A-twisted 
NLSM correlation functions, as well as insight into direct computations in GLSMs. 

Given the nature of the twist, namely that we want to make one of the bosonic fields a 
section of a nontrivial line bundle, it would be extremely convenient if the total space of a 
vector bundle were to admit a metric with the following two properties: 

1. It should be block-diagonal: using a splitting defined by a connection (defined by a 
holomorphic structure plus fiber metric), the metric can be written in block-diagonal 
form with one block for the metric along the fibers and another for the metric along 
the base, with no mixed fiber/base metric components. 

2. The metric should be independent of position along fiber directions. This would help 
simplify the meaning of "twisted p fields," as metric components would have no p- 
dependence. 

Unfortunately, atlases with patches covered by such metrics only seem to exist for flatf^l 
vector bundles. For example, if we were to start in one coordinate patch with a metric of 
this form, then even the most nearly trivial coordinate transformation, x' = x(x), p' = Ap 
where A are the transition functions for the bundle, would result in off-diagonal metric 
components proportional to pdA/dx, which could only vanish for flat bundles. We can also 
see the problem more formally as follows [2T]. We would like that for each point x G X, 
there exists an open neighborhood i£[/cl such that when we restrict the short exact 
sequence 

— ► tt*S v — > TX — ► n*TB — ► 
to U, we can find a holomorphic splitting 

s v : tc*TB\ v — > TX\u, 

so that su(n*TB\u) is orthogonal to tc*S v . However, this places a global condition on £: 
the C°° orthogonal complement of n*£ C TX is in fact a holomorphic subbundle of TX, so 
that the sequence above splits globally holomorphically on X. The obstruction to splitting 

13 In the case of a trivial bundle, metrics of this form have appeared previously as, for example, ten- 
dimensional metrics about branes. In such cases, the metric possesses a translation invariance parallel to 
the brane (just as the desired metric form above possesses translation invariance along fibers), and the warp 
factor corresponds to the metric components along the fiber. 



22 



this sequence is the Atiyah class of £ v , and its vanishing implies that all the Chern classes 
of £ must vanish. 

Now that we have a consistent twist in hand, let us turn to other properties of the action. 
B-twisted Landau-Ginzburg models famously do not have BRST-exact actions - only their 
stress tensors are BRST exact, which suffices for computations. A-twisted Landau-Ginzburg 
models, on the other hand, do have BRST-exact actions, unlike their B-twisted counterparts. 
If we let a be an index running over all holomorphic indices, regardless of twist, then the 
action for an A-twisted theory can be written in the form 

Qbrst • [g a i (f + d<t> a + C<9/) - i (iftdaW - r-d a W) 

where Qbrst is the BRST operator. Up to boundary pieces, the terms of the base NLSM 
action are the BRST variation of 

g al (<90 a + r-dcf) , 

and the superpotential terms are the BRST variation of 

ipldaW - i) a _d a W. 



3.2 Nonperturbative sectors 

In an ordinary NLSM, the nonperturbative sectors are given by holomorphic maps from 
the worldsheet into the target space. Let us take a moment to carefully work through the 
nonperturbative sectors of a NLSM with superpotential. 

The nonperturbative sectors should become manifest by rewriting the bosonic part of the 
action as the absolute value square of something. Here, it is straightforward algebra to write 

g^dpdF + iB^d^dp + 2g is d i Wd s W 
= 2g i jd(f) i d(j) 7 + 2g i ~ J d i Wd J W 

+ ( 9i j + iB^ (dfidfl - Wdfi) 

+ (gr 3 + iBij) {dftdfi - dftdcfi') + 2% (dW - dW) . 

In the last equation above, the terms 

(gtj + iBij) (dfidfi - d^d^) + 2% (dW - dW) 

are purely topological - the first set of terms are the pullback of the complexified Kahler 
parameter, and the second set, proportional to dW — dW, give another topological class 
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described in e.g. [22]. The non-topological part of the kinetic terms can be written as the 
absolute-value-square of the quantity dp — ig^djW, which suggests that instead of working 
on moduli spaces of holomorphic curves, we should work on moduli spaces of solutions to 
the partial differential equation 

dp - ig rj djW = 0. (5) 

This was called the ' Witten equation' in E] . Further support from this hypothesis follows 
from the fact that if we apply the usual topological-field-theory idea of localization, then 
since there are BRST variations of the form 

<*0» = - a (dcff + ig m d b W) + 3-fermi terms 
<ty° = - a (d(j) a - ig al c\W^ + 3-fermi terms 

(where the a index runs over all holomorphic fields, regardless of twisting) the topological 
field theory will localize on solutions of equation ([5l) above. The same conclusion was also 
reached in [I], and the same equation has also previously appeared in [22] . 

However, there is a simplification. Physically, there are really two distinct BRST scalars, 
which were combined above into the single scalar a, and if we apply the notion of localization 
to each of them separately, then we conclude that we must satisfy instead the two partial 
differential equations 

dp = 
dW = 0. 

In other words, the two terms in the Witten equation must vanish separately. Further- 
more, mathematically it can be shown that all the solutions of the Witten equation (jSJ) also 
necessarily solve the pair of partial differential equations above - the two terms in the Wit- 
ten equation must vanish separately. The argument is essentially a repeat of the original 
derivation from the kinetic terms above - if we take the absolute-value-square of the Witten 
equation, and integrate over the worldsheet, then we find that 

J 9iJ (dp - tg lI o\W^ (dp + ig~ ]m d m W) = J (gtfiW + g^WdjW) . 

Since the right hand side is a sum of absolute squares, the only way that the Witten equation 
can be satisfied, the only way that the left hand side can vanish, is if each of the terms on 
the right hand side vanishes separately. Thus, every solution of the Witten equation must 
also satisfy 

dp = 
dW = 0, 
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the same equations we found above from the stronger form of topological field theory local- 
ization. 

So, in spite of our initial concerns, the nonperturbative sectors will all arise from holomorphic 
curves. In the next few sections, we shall check our methods by computing nonperturba- 
tive corrections to Landau- Ginzburg models in the same universality classes as NLSMs on 
nontrivial Calabi-Yaus, and checking that correlation functions match. 

3.3 Example: the quintic 

For our first example, we will study the A twist of the Landau- Ginzburg model on 

Tot(C(-5) — ► P 4 ), 

with superpotential W = pG((f>). This is the theory that should flow under the renormal- 
ization group to a NLSM on the quintic; hence, A model correlation functions here should 
match those on the quintic, which will provide a strong consistency check of our methods. In 
fact, we will see that the Landau- Ginzburg model computation gives a physical realization 
of some tricks for computing Gromov-Witten invariants due to Kontsevich and others. 

The local coordinates on P 4 are twisted in the usual fashion: 

x l ) e r coo (0*t 1,o p 4 ) H) e r coo (Z s ® (^r > 1 p 4 ) v ) 

^ + {= ft) e r coo fa ® (0*t 1 '°p 4 ) v ) tf_(= x") e r coo (0*t°' 4 p 4 ) . 

The fermionic superpartners of the p field, on the other hand, are twisted differently: 

r + (= x n e r coo ((0X 1,O ) V ) V-{= i4) g r c ~ (Z s ® ^t^ 1 ) , 

where T v denotes the relative tangent bundle of the projection 

7i : Tot (0(-5) — ► P 4 ) — > P 4 . 
To be consistent, we also have to twist the p field itself: 

p(= Pz ) e T c ~>{Kv®4>*Tl'°) 

p(=p^) e ^(I^fT!- 1 ), 

whereas the bosons <fi l remain untwisted. (Twisted fermions are slightly unusual to work 
with; we shall take their zero mode integration to be an ordinary integral over the vector 
space of sections.) 
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Now, let us check carefully that the twisting above is consistent with supersymmetry trans- 
formations. In the A-twisted theory, the BRST transformation parameters will be a_ and 
a + , which are Grassmann constants, whereas a+ is a section of and a_ is a section of 
K~\ 

Since the 0* multiplets have the standard A twist, we only need check the p multiplet. The 
supersymmetry transformations in the p multiplet are 

5p = ia.-ty\ + ia + ij) p _ 
Sp = ia-ip^ + ia + ip p _ 
S^l = -a_dp - ia + ^_T p m ^ - xcl^J^J^ - ia^ 3 y]^l - ia + ^-V + 

- ia + g™djW - ia + g pp dpW 

8f + = -a.dp - ia^lT^ - ia+fV^™ - ia + ^T%i? + - ia + ^J%^ 

- ia + gP j djW - ia + g pp d p W 

6i(£ = -a + dp - iu-i?+T v jr - ia-^\TlJ)™ - ia-^Y^^L - ta^ p + T p pp ^ p _ 

+ ia-g^djW + ia.g^dpW 

Sr_ = -a + dp - ia^VyF - ia^\T\%^r - ia_i£l* - ia_i#I* 

+ ia-gVdjW + ia^g pp d p W. 

Now, looking at the transformations above, the reader might be concerned. For example, the 
supersymmetry variation of p, which is a section of contains a term proportional 

to a + il) p _ - but a + is a section of , and i\) p _ is a section of (0*T°' 1 ) V , so we appear to have 
inconsistent bundles. The fix is that as C°° bundles, a holomorphic bundle £ is isomorphic 
(via a hermitian fiber metric) to the antiholomorphic bundle 8 . Thus, for example, as C°° 
bundles, 

<g> 0X 1 ' = K~ l <g) (0X O,1 ) V - 

Applying this notion to the other supersymmetry transformations, we find that the twist of 
the p fields is consistent with supersymmetry. 
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The BRST transformations of the fields are given by 

5(f) 1 = iax 1 
5(f) 1 = iax 1 
5 X l = 
5 X T = 

Sift = -ad<f - iaxT^ - iaf^Y^ - tax 1 ^ ~ 

- iag^djW - iag' ip d p W 
toft = -aW ' iax j r)mi>™ - ioc^Am^ ~ ^X^ pX p ~ i^ P X pp X 

+ iag%W + iag ip dpW 
Sp z = iaip p 
5pz = iatp^ 

5 X P = -adp z - iax j T P m ^ - ia^T%J^ - ia X j V% X P ~ i^ p ppX P 

+ iag pp dpW + iag p %W 
S X P = -adp^ - mxTj^f - ia^T^f - ta X 7 T P Tp x ¥ ~ 

- iag pp d p W - iag pt d t W 
5V Z = 

sa = 0, 

where a = a_ = a+. 

Let us take a moment to examine the chiral ring in this theory. The BRST-invariant world- 
sheet scalars are the x % an d x\ an d the BRST operator appears to act like the exterior 
derivative d, so naively one would conclude that the chiral ring consists of ci-closed differen- 
tial forms on P 4 : 

<-> b il ...i n j 1 ... 3m (<f>)dz h A • ■ • A dz in A dz~ 31 A ■ • • A dz 3m . 

However, we need to be slightly careful. When constructing such dictionaries in NLSMs, it 
is assumed that the bosonic zero modes can wander freely over all of the space in question, 
but here, there is a nontrivial superpotential. Since the superpotential is BRST exact, we 
can rescale it without changing the chiral ring, so for simplicity let us rescale W \— > XW 
and take A — > oo. In this limit, the bosonic zero modes are effectively restricted to live on 
the quintic. Therefore, we claim that the correct chiral ring is not differential forms on P 4 , 
but rather the restriction of differential forms on P 4 to the quintic. (Indeed, given that this 
theory RG flows to a NLSM on the quintic, the chiral ring had better turn out to be the 
cohomology of the quintic and not P 4 .) Further evidence for this interpretation is provided 
by the discussion of localization in the topological field theory, in the last section. We will 
get further evidence for this in the next section when we study correlation functions, where 
we will see that the product structure only sees the restriction to the quintic. 
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The full set of interactions derived from the superpotential W = pG(<p) have the form 

L w = 2g^\G{^ + 2 ff toGi)jG 
+ 2g p ' l Gp^DjG + 2g™Gp z D l G 
+ V z ^D t G + X t X p D l G + x^PzDiDjG 
+ x ¥ X 7 DjG + + iilx^D^G. 

In addition, there are four-fermi interactions that have the general form 

Lr = R I jklX I ^X T , 

where the capitalized indices in the expression above run over both base and fiber, not just 
the base. 

We will compute the induced effective interactions in each instanton sector. In many cases, 
there will not be enough zero modes to allow any contribution from most four-fermi terms, 
which will greatly simplify parts of the analysis. 

3.3.1 Classical contribution - worldsheet genus zero 

Let us now outline how one computes the classical contribution to correlation functions in 
this twisted theory. Since this theory should be in the same universality class as a NLSM on 
the quintic, and topological field theory correlation functions are independent of universality 
class representative, we should (and will) find the same correlation functions as the classical 
contribution to the A-twisted NLSM on the quintic. 

For simplicity, we will only work on P 1 . We can read off from the twist definitions that there 
are no p, p, tp^, ipl, vp?, or ?/>| zero modes. There are as many x % zero modes as the dimension 
of P 4 , and as many x v zero modes as the rank of 0{— 5). 

Since the Riemann curvature four-fermi terms have factors of ip^, ipl, ip%, and ^f, they do 
not generate an effective interaction on the classical component of the bosonic moduli space, 
with the exception of the single term that only couples to x's: 

■R-ippkX XXX- 

Similarly, most of the terms in L w do not generate an effective interaction either, with the 
exception of the terms 

2^|G(0)| 2 + X l X p D t G + x ¥ X 7 D 7 G 

(Each of these terms should be evaluated at p z = p Y = 0, since p z , p Y do not have zero 
modes.) 
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There is one other technical remark that should be made, regarding the normalization of the 
zero mode part of the path integral measure. Ordinarily we normalize worldsheet fermion 
vectors by factors of y/a' so that the path integral measure remains unitless. Here, we must 
treat the x p zero modes carefully. Although they are worldsheet scalars, not vectors, their 
zero modes will also require factors of y/a'. We can see this as follows. To make sense of the 
BRST transformations Sx p = —oidp z + • • • discussed earlier, there is implicitly a factor of 
the inverse worldsheet metric gff on the right-hand size of the BRST transformational. As 
a result, the x p 's scale nontrivially under worldsheet metric rescalings. In order to make the 
path integral measure scale invariant, we must multiply the d\ v factors in the path integral 
measure by a factor of \/A , where A is the worldsheet area. Once we have done so, we 
must then also multiply the dx p factors by \fa' to make the path integral measure unitless. 

Correlation functions thus take the form 

(d ■■■O n ) = J p /^J i[d X V ()l^ d X P J NjtfWj ®f 

\ a' a' a' 

where A is the area of the worldsheet and A is a worldsheet metric rescaling, just as in our 
review of the closed string B model. 

Let us pause for a moment to examine the results so far. Omitting factors of A, A, a', g pp , 
the exponential in the correlation function can be written schematically as 

exp (-2|Gf - X \ P D % G - x P x'D-fi - R^xWx") , (6) 

which some readers will recogniz^l as the Mathai-Quillen representative [23] of the Thorn 
class of the vertical subbundle of TO(5), pulled back by the section G. See section 6 of 
[21] for a general discussion of Thorn classes, equation (2.8) of [25] for an expression nearly 
identical to ([6]), or alternatively section 11 of [26]. The Thorn class is a cohomology class 
one can insert in integrals over total spaces of vector bundles, to give a result equivalent to 

14 This is also related to the discussion in the previous section regarding Ky, versus A" s as smooth bundles. 

15 For the benefit of experts, let us work through the identification in more detail here. Since we are 
examining the classical contribution, the map 4> is constant, and one can see that the expression in the path 
integral determines a representative of the Thorn class of the dual of the vertical subbundle T v C TO(— 5), 
pulled back to P 4 by the section G{(j>). Here, x l Z?iG is the covariant derivative of the section, while x p 
plays the role of antighost. It is not too hard to see that along the p = locus (to which we have restricted, 
since there are no p zero modes) that Rip p j:X l X k is the curvature two-form associated to T^, so that the 
expression ^ is, up to a factor of l/7r, a normalized Thorn form. Furthermore, by the standard localization 
argument (c.f. section 11.10 of [26]), this form has support along the zero locus of the section (G(cf>) = 0). 
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integrating only over the base: if p : V — > M is a vector bundle over M and T a differential 
form representing the Thorn class, then for any differential form a on M, 

/ p*a AT = / a. 

JV J M 

Here, the presence of the Thorn class means that the correlation function will be equivalent 
to one computed by integrating only over the locus {G = 0} C P 4 , exactly as one would 
expect from the renormalization group arguments already presented. 

Mathai-Quillen representatives of Thorn classes are independent of the scale of the bundle 
metric, in the sense that the cohomology class does not change when the metric is scaled 
[26] [section 11.8]. Thus, the correlators cannot know about the P 4 metric outside of the 
quintic, since they cannot see it in the A —>■ oo limit. One fully expects this from renormal- 
ization group arguments - the only metric that correlators should care about is the one on 
the quintic. 

Let us now return to a more concrete analysis of the correlation function. Performing the 
X p and x p Grassmann integrals gives 

(Ox---O n ) = f v /^ f Y[dx i d X "0 1 ---O n (^X 2 \D i Gx i \ 2 g P¥ + i^"xV) 

•exp f-2^AVW)| a Y 

The g pp ~ factors on the \x l DiG\ 2 term, as well as on the term - necessary to properly 
contract the sections of 0(5) - arise because of a subtlety in the x p zero rnodes. Strictly 
speaking, the zero modes are the zero modes o£l Xv = 9ppX p ■, so the Yukawa coupling 

should be written 

X P 9 PV X T D 7 G. 

Then, when we integrate out the x V i Xp zero modes, the result is an extra g pp factor, exactly 
as needed for a consistent result. 

The factors of x % m \DiGx l \ 2 an d Rip P jX l X^ are responsible for a selection rule that ensures 
that the sum of the U(l) charges of the O iy add up to form a top-form on the quintic {G = 0}, 
instead of the ambient space P 4 , exactly as desired. 

16 This is discussed in a different context in, for example, [28] . The point is that in order to make sense of 
solutions of D-z, z ip as holomorphic, antiholomorphic sections of suitable (anti)holomorphic vector bundles, if 
we take say ip l to be a section of T 1,0 X, say, then Riemann-Roch pairs it with a section of K ® (T°- 1 X^ , 
and not T 0,1 X - the two are related by a choice of metric, one is and the other is ipi, but in order to get 
the zero-mode counting right, we have to be careful about our conventions. 
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Since this is a topological field theory, the correlation function should be independent of 
a', worldsheet area A, and worldsheet metric rescaling A. In the two limits A — > 0, oo the 
factors of a', A, and A cancel out: in the limit A — > there are manifestly no remaining such 
factors, and in the other limit the factors multiplying the Gaussian are canceled by a factor 
of (\/a'/ (AX 2 )) 2 one gets from performing the Gaussian. For intermediate scales, the fact 
that the correlation function is independent of those quantities follows mathematically from 
the fact [26J [section 11.8] that varying their values just multiplies the Mathai-Quillen form 
by an exact form, which then falls out of the integral. Physically, the result follows from the 
fact that the superpotential is BRST-exact. 

Since this Landau-Ginzburg model should be in the same universality class as a NLSM 
on the quintic {G = 0} C P 4 , it should have the same correlation functions as the A- 
twisted NLSM on the quintic. We will check this in the two scaling limits, A — > oo and 
A — > 0, in which G \— > AG. Since the superpotential is BRST-exact, the results should 
be independent of such rescalings of G. Indeed, we will find the same correlation function 
(matching correlation functions of the NLSM), though realized in two different ways - the 
rescaling will interpolate between Euler class insertions and computations in the style of 
virtual fundamental classes. 

First, let us recall the classical contributions to genus-zero A-twisted NLSM correlation 
functions on the quintic. The correlation functions are given by integrals over the quintic, 
which can also be written as integrals over P 4 with insertions of the Euler class of 0(— 5). 

Now, let us compare to the scaling limit A — > 0. In this limit, the correlation functions can 
be expressed as 



(7) 



Since Ri^g vv is the same^j as tr F, where F is the curvature of 0(5), this correlation 
function is the same as 

oji A • • • A uj n A tr F, 

p4 

where the u>i are differential forms on P 4 corresponding to the operators (9,. In particular, 
as discussed above, mathematically this is the same as 



UJi\Y A • • • A U> n \Y- 

>Y={G=0} 

Thus, in this limit, the correlation function is the same as the NLSM correlation function - 
we integrate over P 4 and wedge with the Euler class, which is equivalent to integrating just 
over the quintic Y = {G = 0}. 



17 This is a standard characteristic of Mathai-Quillen representatives of Thom classes, see for example 
[25] [section 2.1] or j26j[section 11.10.2], and we will see this again many times in this paper. 
18 Along the p = locus, on which we have implicitly restricted since there are no p zero modes. 
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Next let us consider the scaling limit A — > oo, in which the four-fermi term drops out. For 
the same reasons as discussed for the closed string B model, the method of steepest descent 
will give an exact answer for this integral, so for example instead of integrating over P 4 we 
could just integrate over the total space of the normal bundle M to Y — {G = 0} in P 4 . 
Suppressing the factors of a', A, A, and g pp , the correlation function can be written as 

{O x ---O n ) = J dP<j> j n^W0i---a.|AGxf exp(-|Gf) (8) 

(omitting an irrelevant factor of 2). 

As a consistency check, note that this result is independent of the detailed form of G(4>) 
- we effectively integrate along the zero section of Af by virtue of the exp(— |G| 2 ) factor, 
and the factors^ of DiG that one picks up from integrating over transverse directions are 
canceled out by the \\ l DiG\ 2 factor. One may also argue this point more abstractly: since 
the superpotential terms are BRST exact, the theory should be independent of the detailed 
form of G. 

As another consistency check, note that these correlation functions are defining a product 
structure on the correlators that only sees the restriction to the quintic. Aside from the 
selection rule discussed earlier, the Gaussian exponential is implicitly restricting the inte- 
gration to the quintic. Furthermore, the \ l DiG insertions have the effect of killing off any 
part of the Cj's that is normal to the quintic, in addition to giving the correct selection 
rules. After all, the tangent bundle to the hypersurface {G = 0} is defined by vectors \ l 
such that \ l DiG = [13] [section 1.3], so there is a natural mesh between the fact that any 
correlator containing a \ l DiG factor would be annihilated by the factors brought down when 
we integrated out x p an d X p an d the statement that the chiral ring is defined by cohomology 
of the quintic, and not of P 4 . 

To summarize, in the A — > oo scaling limit, correlation functions involve integrating over 
the total space of the normal bundle to the quintic and intersecting with the zero section 
of the bundle - the effect of the exp(— |G| 2 ) Gaussian. Instead of inserting factors of the 
Euler class, we are intersecting with the zero section of the bundle, which is well-known to 
be equivalent [21] [chapter 1 1] . 

This method of computation is a very simple example of the form of a virtual fundamental 
class computation; in effect, replacing the A-twisted NLSM with the A-twisted Landau- 
Ginzburg model in the same universality class gives us an alternative computational of the 
correlation functions, an alternative computation that matches virtual fundamental class 
computations. See [27J [example 7.1.6.1, p. 184] for more details on this computation (and 
its degree > counterparts) as virtual fundamental class computations. We emphasize this 
because this is, to our knowledge, the first physical realization of virtual fundamental class 

19 To get factors of DiG rather than diG from expanding the exponential, we must remember to not only 
expand G about the zero locus, but also the implicit metric factor g pp . 
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computations of A model correlation functions. We will see in further examples that this 
is a common property of these Landau- Ginzburg model computations, that they physically 
realize simple examples of virtual fundamental class computations, as one limit of a scal- 
ing that interpolates between virtual-fundamental-class-style computations and insertions of 
Euler classes. 

3.3.2 Maps of degree greater than zero 

Next, let us consider correlation functions in a sector of maps of degree d > 0, on a genus 
zero worldsheet. Here, the (f) 1 zero modes map out a moduli space Aid of maps into P 4 of 
degree d. Such moduli spaces are not compact, reflecting an IR divergence physically; the 
path integral is regularized by compactifying the moduli spaces. We shall use the GLSM 
compactification described in [2], which in the present case will be Aid = P M+4 . Similarly, 
the x 1 zero modes are now holomorphic sections of 0*(TP 4 ), of which there will be 5d + 4. 
There will be no ip l z or ip^ zero modes. There will be no p z zero modest), as they are sections 
of K% ® 0(—5d), but there will be zero modes of \ P i as they are holomorphic sections of 
<p*0(5) = 0(5d), of which there will be 5d + 1 sections. For the same reason as the p z 's, 
there will be no i\) v z or i$ zero modes. 

In addition, the original section G will induce a section of the bundle R 7r*a*O(5) over 
the moduli space. As written, that induced bundle is only defined over the part of the 
moduli space Aid described by honest maps, and must be extended over the compactification. 
Methods to perform such an extension over GLSM moduli spaces were described in [28J (see 
[TU | |2"9" | I3TJ] for more information); applying those methods here, one finds that the extension 
(denoted with a tilde) is given by 

RH^*0(5) = 0(5) 5d+1 , (9) 

over the GLSM moduli space, whose components G a naturally pair with the x p - Here, in 
the language of [28], we have simply identified 0(5) with a single field and taken advantage 
of the fact that P 4 is a toric variety, so we expand the free field in its zero modes and think 
of each element of a basis as a generator of a copy of a 0(5) over the GLSM moduli space. 
We shall denote the induced bundle above 0(5). 

In general, the bundles one obtains by such methods are only uniquely defined over that 
part of the moduli space describing honest maps; there are several inequivalent extensions 
over the compactification locus. In [28], where this was applied to understand (0,2) quantum 

20 If there were p z zero modes, if they were sections of Ky, <8> (j)*0(5) = 0(5d — 2), for example, then 
the complete moduli space would be the total space of a bundle over the Aid above. The bundle could be 
computed by either computing the GLSM moduli space for the total space of 0(5) using the methods of [2J, 
or alternatively applying methods of 28 to find the induced bundle, taking into account the minor difference 
that here there is a K twisting. 
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cohomology, the choice of extension was a function of which (0,2) GLSM one was working 
with. 

Putting this together, we find that correlation functions should be given by 
(0i • • • O n ) = [ ( d X l dx l d X p a dxl Of- O n 

JM d J 

" ex P [~^\Ga{<P)\ 2 - X ! X^G a - xlx'DA - R m - k X l X ¥ a X P b X l 

Here, factors such as g v ^ have been suppressed, and the R indicates the curvature of the 
induced metric^ on M. d . Since there are no ipl, ip^, or zero modes, there will be 
no contribution to this correlation function from any other (Riemann curvature) four-fermi 
terms beyond the one shown. Readers familiar with Mathai-Quillen forms should note that, 
as expected, we again have a Mathai-Quillen form. 

Next, we integrate out the Xa' s i to get 

(Ox---O n ) = j M W j d X i d X *0 1 ---O n ll(jx i D i G a \ 2 + R m - kX l X^ 



Since this Landau-Ginzburg model should lie in the same universality class as a NLSM on 
the quintic, let us check that the correlation functions match. 

First, note that the expression above implicitly encodes the correct selection rule. The sum 
of the degrees of the correlators Oi should be the same as the dimension of the moduli space 
Aid minus the number of Cr 's, as the moduli space in the NLSM is more nearly the complete 
intersection {G a = 0} C Aid- 
Next, let us examine the two scaling limits A — > 0, A — > oo of the superpotential G i— > AG. As 
before, we will get the same result from both limits - necessarily so, since the superpotential 
is BRST exact. 

21 Let g^y denote the moduli space metric. Formally, this is induced as follows. Let (<5</>)^ denote the /zth 
component, on the moduli space, of the infinitesimal deformation of 4> z , then 

fa = 1 9i - 3 {H%mi 

In any event, since we are working in the A model, the precise metric is irrelevant, so long as it is reasonably 
generic. 
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In the A — > limit, the correlation function above becomes 

(Oi ■ ■ ■ O n ) = [ / d X W Ci • • ■ o n J] 

J a 

After integrating out the x\ this becomes 

wi A ••• Auj n A Eul(C(5)), 



M d 

where the u>i are differential forms corresponding to the operators Oi. As we have seen 
elsewhere, this is computing an integral over the moduli space of maps into the quintic by 
computing an integral over the moduli space A4d of maps into P 4 and inserting the Euler 
class of the induced bundle to localize, which is well-known (see for example [27J [example 
7.1.6.1] and references therein) to be equivalent to the NLSM computation. 

Next, let us consider the opposite scaling limit A — > oo. Here, the correlation function 
becomes 

(Oi •••On) = J m <*V J dx i d X J 1 ---O n ]j(jx l D l G a \ 2 ^ex V (- 2 £ |G a (0)| 2 j . 

Since the Gaussian localizes on {G a = 0} (in the sense that the method of steepest descent 
now gives exact results), we could replace Aid by the total space M of the normal bundle to 
the {G a = 0} locus, to get 

(Oi---O n ) = j/^V J ' dxV0 1 ---O n n(\x l D t G a \ 2 ^exp (- 2 ^ |G a (0)| 2 j . 



The result is independent of the detailed form of G, for the same reasons as discussed in 
previous examples. Furthermore, the presence of x l DiG a factors ensures that correlators 
that are 'transverse' to the moduli space are annihilated, as one would expect from previous 
examples. 

We see that, as before, this furnishes a very simple example of a virtual fundamental class 
computation - instead of wedging with the Euler class of the induced bundle, we intersect 
with the vanishing locus of a section of an induced bundle. 

Thus, as before, we see that by varying the scale of the superpotential (which leaves the cor- 
relation functions unchanged as the superpotential is BRST exact), we interpolate between 
Euler class insertions and virtual-fundamental-class-style computations of the correlation 
functions in the quintic. 
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3.3.3 Classical contribution — genus greater than zero 



In this section let us briefly outline the analysis of Landau-Ginzburg models corresponding to 
A-twisted NLSMs on worldsheets of genus g > 0. We shall work at fixed complex structure 
on the worldsheet - we shall not couple to topological gravity, for simplicity. This will give 
us a simple sanity check of the manner in which we deal with zero modes of twisted bosons. 

To be specific, let us consider an A-twisted NLSM on a quintic in P 4 , again. For maps 
of degree zero, there are as many \ % as the dimension of the target space - n, say - and 
also ng many ip l z . The correlators only contain x's, so the ip\ zero modes must be absorbed 
via bringing down copies of the four-fermi term. However, if g > 1, then bringing down 
four-fermi terms will always generate more x's than available x zero modes, regardless of the 
correlators, and so all correlation functions vanish for g > 1. At genus one, there is precisely 
one nonvanishing correlator, given by 

(1) = / Eul = Euler characteristic of the quintic. 
Jx 

Next, let us perform the corresponding Landau-Ginzburg computation, to check that we get 
comparable results. The 0* are now maps into P 4 , and the p z map into the fibers of 0(— 5) 
- but the p z are also twisted. On a genus g worldsheet, the vector space of p z zero modes is 
g-dimensional. There are also 4g ip l z and zero modes, g ipl and zero modes, as well as 
X p and x p zero modes. 

Putting this together, a correlation function will have the form 

(0i • • • O n ) = f f d 2 Pz I dxWM I d X p d X p drM Oi • • • o„ 

•exp(-2|Gf - 2g i i\p z \ 2 D l GD J G - 2g p ~ l Gp z DjG - 2g fl Gp z D l G 

- tfi&DiG - x t X p D l G_ - x^PzDiDjG 

- x^D-fi - ipligDjG - ^Ix^D.DjG 

- four-fermi terms) . 



To do this computation in complete generality - working with all four-fermi terms at the 
same time as all superpotential terms - could become extremely tedious. For example, there 
are six four-fermi terms which are nonvanishing when p = 0, namely 

R m x i rMx 7 _+ RvmVMx 3 + Rn Pf x l €x p ^l 
+ R tpp - k x t x p x p x k + iWSM + R m - P V z x v x p ^l 

plus numerous others which are nonvanishing when p ^ 0. Rather than try to keep track 
of all of them, we shall instead use the following simplification: since the superpotential is 



36 



BRST-exact, we shall work in a large scaling limit of G, in which the four-fermi terms are 
insignificant and can be omitted. 

Now let us turn to a subtlety in the bosonic integration. Strictly speaking, we should combine 
the (ft 1 and p z zero-mode integrals into a single integral over the total space of a rank g vector 
bundle over P 4 , with fibers the vector space p z zero modes C 9 . One way to understand this 
bundle is via the construction of GLSM moduli spaces in [2], that proceeds by describing 
the total space of 0{— 5) as a toric variety. The only modification is that when expanding 
physical fields of the GLSM in a basis of zero modes, one should take the p z s to be sections 
of K% (g) <p*0{— 5) rather than merely <f)*0(— 5). For constant maps into the target, that 
means there are as many p z zero modes as sections of K-£. Each such zero mode is then 
interpreted as a homogeneous coordinate on the moduli space of the same C x weights as the 
original p z . In this fashion, applying the moduli space construction of j2] then gives us the 
total space of the bundle 

0(-5f 9 — ► P 4 . 

There is also another way to understand that bundle. Let Aid denote a moduli space of 
worldsheet instantons in P 4 of degree d, and let a : £ x Aid — > P 4 denote the universal 
instanton (for the moment, for the purposes of our formal illustration, we will work with Aid 
such that a exists). Let 7Ti i2 denote the projections from S x Aid to E, Aid, respectively. 
Then the p zero modes live in the sheaf 

7T 2 * ((tt^s) ® a*0(-5)) 

In terms of the present case of degree zero maps, Aio = X so a is the same as the projection 
map 7r 2 . By the projection formula ^tt^C = C ® 7!~2*OsxMo f° r an y li ne bundle £, but 
because 7r 2 is a trivial projection, 7r 2 *OsxMo = ®Mo- Thus, we will have that 

7r 2 *((7r^ s )®a*e>(-5)) = 0(-5)®c#°(£,^ s ) = 0(-5f 9 . 

Yet another way to get this result is to apply the methods of [28] on induced bundles over 
toric moduli spaces. Using these techniques, one expands the p z field in its zero modes 
(taking in to account the K^, twisting), and identifies elements of a basis of the space of zero 
modes with generators of copies of 0{— 5), much as in the GLSM moduli space construction 
of [2] described above. The result is the same. 

In any event, now that we understand the global structure of the space of bosonic zero modes, 
let us turn to computing correlation functions. First, we integrate out the ip p z s: 

(0 1 ---O n )= [ dtf f d 2 p z [ d x l dx l d^ z d^ [ d x p d x ¥ 1 ---O n 
■ (#AG) S (f z D£) 9 

•exp(-2|Gf - 2g <1 \p x \ 2 D i GD& - 2g pl Gp T D T G - 2g pl Gp z D l G - X \ P D l G 
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Next, we integrate out the x p 's: 

(<D 1 ---O n )= [ d<P [ d 2 Pz I ' d x l d x J d^ z d^O l ---O n 

JP 4 JCa J 

• (4AG) 9 (x f DjG) {if z D^) 9 (x'AG) 

•exp(-2|Gf - 2g*\p z \ 2 D i GD& - 2g*Gp s D& - 2g&Gp z D i G 
- x l ^VzD t D 3 G - ^V^D-fl) . 

Finally, we integrate out the p 2 's (more properly, perform a pushforward along the fibers of 
the vector bundle 0(— 5)® 9 ). Expanding out the exponential in factors of p z will yield several 
possible terms, but only one will have enough and factors to match the corresponding 
fermionic zero mode integrals: 

(0! • • • o n ) = j ^ J dtfdxWM Oi • • • a 

■ (ipiDiG) 9 (x'D^G) (^ID^G) 9 (x'DiG) 

■ (MD iDj G) in - 1)9 ( X W z D- t D-p) {n - 1)9 

■(f(G,G,D l G,D I G))' n9 
•exp(-2|G| 2 ) , 

where n = dim P 4 = 4, and / is a function whose details will not be relevant for our analysis. 

From this expression, we can read off the following facts immediately. If g > 1, then there are 
more x insertions than x zero modes, and the correlation function must necessarily vanish, 
matching the NLSM result. In the special case that g = 1, there are exactly as many x 
insertions (outside of the correlators Oi themselves) as there are x zero modes, so the only 
possible nonvanishing correlation function is (1), also matching the NLSM result. 



3.3.4 The quintic GLSM — classical contribution 

In this section we shall compute A-twisted correlation functions from first principles in 
GLSMs^E In principle, such GLSM computations should be more difficult than the A-twisted 
Landau- Ginzburg computations that we have described so far, and so our A-twisted Landau- 
Ginzburg computations ought to be a good stepping-stone to understanding analogous GLSM 

22 We have not seen this particular computation anywhere else in the literature, though certainly related 
matters have been considered by others. See [5] for an excellent discussion of many issues in A-twisted 
GLSMs. Direct GLSM computations of the sort considered here have also been considered by A. Adams 
and J. McGreevy (Aspen, 2004), as well as by M. Plesser and I. Melnikov, though to our knowledge none of 
these computations were ever written up. 
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computations. Therefore, by checking that we can set up basic GLSM computations, we get 
a good robustness check of our methods. 

In this section, we shall only consider degree zero maps. 

To describe a hypersurface of degree d in P n , the GLSM has n + 1 chiral superfields with 
components (<j) l ,ip±), which are A-twisted in the same way as the corresponding coordinates 
discussed above for the Landau- Ginzburg model on the quintic. The GLSM also has a (p, i[}±) 
chiral superfield, which is also A-twisted in the same way as the corresponding field for the 
Landau- Ginzburg model on the quintic. In addition, the GLSM adds a bosonic scalar field 
a (invariant under A-twisting), and gauginos A±, which the A- twisting treats as follows: 

A+(= A 2 ) G T c °° (Kt.) A_(=A) eTc^(O) 
A+(=A) er c »(0) A_(=A y ) er CO o(if s ). 

In these conventions, the supersymmetry transformations are of the form 



8a 


= ia + \- + ia-\ + 




5a 


= ia + \- + ia-\ + 




5X+ 


= ia + D + daoi— — 


F Z z<y + 


<5A_ 


= ia-D + daa + + 


F z zOl- 


5X + 


= — ia + D + daa- 




<5A_ 


= — ia_D + daa + 


+ F z - Z a_ 



As a result, the BRST transformations are given by 

8a = ia + X + ia-X 

5a =0 

5X Z = daa- 

5X = ia-D + F Z zOL- 

5X = — ia + D — F Z z&+ 

5Xz = daa + , 

since the BRST transformation parameters are given by <S+, a_. 

Thus, as in [2] (modulo a convention change), the only gauge- invariant and BRST-invariant 
operator is a, so we will be interested in correlation functions of the form (a k ). 

Following [31], the interaction terms from the superpotential W = pG(4>) are of the form 

L w = 2|G(0)| 2 + 2 Pz p^\^ G \ 2 

i 

+ r z mG_+ X \ p d t G_+ X l ^vAdp_ 
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just as in the Landau-Ginzburg models discussed previously. There is no four-Fermi curva- 
ture coupling, unlike the Landau-Ginzburg models discussed previously, but instead there 
are Yukawa couplings of the form 

L Y uk = + a xY 

+ #4A 2 + 0YA + + f X % 

as well as additional bosonic couplings of the form 

-n 2 I>i 2 - f^ 2 > 

i 

where 

D = $>f - r. 

As discussed above, in the A-twisted theory one computes correlation functions of the form 
(a k ) for some positive integer k. Using the data above, the contribution to such a correlation 
function from degree zero maps on a genus zero worldsheet £ is 

■exp(^-A\G\ 2 - A\a\ 2 Y^\^\ 2 - |aD 2 

-Ax'x'diG - A x ¥ X 7 djG - Aa X Y - A^\ - A^A) 

after reducing to zero modes, where A is the worldsheet area and factors of 2 have generally 
been eliminated. We are using the normalization of the x p zero modes discussed previously 
(with a' factors suppressed - we are only retaining worldsheet area factors here). Also, the 
A zero modes have the same normalization as the x p zero modes, and for the same reason: 
BRST transformations such as 5\ = F z ^a- + ■ ■ ■ require a factor of the inverse worldsheet 
metric g§? implicitly on the right-hand side, and so the A's rescale under worldsheet metric 
rescalings. By adding the 1/y/A factor to the A zero mode measure, we insure the path 
integral measure is invariant under worldsheet metric rescalings. The integral over the 0*'s 
should only integrate over a gauge slice; we have omitted that detail to leave the expression 
above in a gauge-invariant form. 

Integrating out the A, A zero modes yields 

■exp(-A\G\ 2 - A\a\ 2 J2\^\ 2 ~ f ^ 2 - A X l X P d t G - A X P X%G - 



AaxY 
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Next, let us integrate out the a zero modes. The d 2 a integral of terms with different numbers 
of a and a factors necessarily vanishes. The only nonzero contributions to that integral must 
have equal factors of o and a in the integrand. Thus, we must expand out exp(Aax l X l ) to 
kth order in the integrand. When we do so, we will be left with an integral of the form 



J d 2 a\a\ 2k exp (— «|o"| 2 ) oc 



a- k -\ 



where in this case a = A J2i W | 2 - 
Therefore, we are now left with 



(a k ) = j u^J (t^ p ) {^i dx¥ ) n^^T ^ 



(A X n X n t 



\(hm\ 
m I ' 



| 2 ^fc+l 

2 — ~/v /v -.- , - ) 

where we have omitted numerical factors, as elsewhere. 



exp ( - A\G\ 2 - -^AD 2 - Ax'x^G - A x ^x%G ) , 



This expression now begins to resemble the expression we found when working in the Landau- 
Ginzburg model on the total space of the bundle 0{— 5) — > P 4 . Integrating out the x v ■, X p 
zero modes yields 

= / Jpv/ U d x l W§ (*V) (0V) {A ^ll r i \ A ^ G \ 2 

•exp(-A|G| 2 - jAD 2 ^. 



At this point we can now read off a selection rule. If the GLSM were describing a degree d 
hypersurface in P ra , then there would be n + 1 l s and V4' s ' anc ^ m principle the correlation 
function should only be nonzero when k = n + I — 2 = n — 1- since the hypersurface has 
dimension n — 1. We can see that same selection rule in the structure of the result above. 
When we perform the x\ X % integrals, there must be a matching number of x*'s, x*' s m order 
to get a nonvanishing result. Indeed, there are k + 2 factors of each x % an d X % above, so 
the correlation function above will be nonvanishing only when k + 2 = n + l or k = n— 1, 
exactly as needed. 

Similarly, the factors of A also cancel out: outside of the exponential, there is an overall 
factor of A, for any k. When we perform the bosonic Gaussian integral, integrating over 
normal directions, we will get a factor of (l/v^4) 2 = A -1 , exactly right to cancel out the 
factor of A in the integrand. Thus, the expression above is independent of the area of the 
worldsheet, as must be true in a topological field theory. 
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Eliminating the factors of A we can write the expression more cleanly as 



(a k ) = / / \[dxW (0Y) (0V) (x n X n ) k \X%G 



i i 




_| G |2 _ £2^2 



) 



where we have also used the D = constraint implicit in the Gaussian to turn the denomi- 
nator into a constant factor, which has been absorbed. We have already discussed how the 
selection rule on k arises, let us now discuss the factors above in more detail. Just as in 
the Landau- Ginzburg models discussed previously, the factors of x l diG help to constrain 
correlators to the hypersurface {G = 0}, by killing off any normal vectors. The 4> z x l factors 
also annihilate components parallel to the C x quotient, as needed. Finally, for each a there 
is a factor of x l X\ exactly as originally argued in [32J. 

The rest of the expression should look closely comparable to our results for the Landau- 
Ginzburg model on the total space of the line bundle 0(— 5) — > P 1 . We will not push this 
computation any further, but, we thought it important to observe the analogue for GLSMs 
of the Landau- Ginzburg computations that we are describing in this paper. 

Elsewhere in this paper, we have seen Mathai-Quillen forms arise. Presumably in this GLSM, 
there is an equivariant Mathai-Quillen form present. We have not worked it out explicitly, 
though it would be interesting to do so. 

3.4 Example: small resolution of the conifold 

Let us next examine a Landau-Ginzburg model in the same universality class as a small 
resolution of the conifold, i.e. the total space of the vector bundle O(-l) © 0(— 1) — > P 1 . 
We will see that the multicover computation of [33J is replaced in the Landau-Ginzburg model 
by, for example, a physical realization of a very simple version of a virtual fundamental class 
computation. 

To build a Landau-Ginzburg model in the same universality class, we need to describe the 
small resolution as a complete intersection. If the original conifold is defined by the equation 



in C 4 = Spec C[x, y, z, t], then a small resolution can be described as the complete intersec- 
tion 



xy — zt = 



G\ = xu — vz = 
G 2 = tu — vy = 
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in C 4 x P 1 = Spec C[x,y,z,t] x Proj C[u, v]. 
Our Landau-Ginzburg model is then defined over 

X = Tot (0(-l) © C(-l) — > P 1 x C 4 ) 

with superpotential 

W = Pl G, + p 2 G 2 , 

where the pi are local coordinates on the fibers of each O(-l) and the Gi are the two sections 
of 0(1) -> P 1 x C 4 defined above. 

Following the same notation as before, let i's index afline coordinates on P 1 x C 4 , so that 
the fermions tangent to the base are twisted as 

x l ) e r C oc (0T 1,O P 4 ) ft) e r c - (Z s ® (^r > 1 p 4 ) v ) 

e r coo (x s ® (0*t 1,o p 4 ) v ) C(= x r ) g r coo (0*t o,1 p 4 ) , 

just as for the last example. Similarly, the pi and their superpartners receive an asymmetric 
twist, for the same reasons as before: 

p(= Pz ) e Tc^^^^T 1 /) 

p(=p^) e ^(I^fT!- 1 ), 

with fermions 

r z ) e (k* ® 0X 1,0 ) x p ) g r coo ((^y) 

#(= x p ) g r coo ((rCT) e r c ~ (Z s ® <f t^ 1 ) . 

Here, denotes the relative tangent bundle of the projection 

7T : Tot (C(-l)® 2 — > P 1 x C 4 ) — > P 1 x C 4 . 

The BRST transformations of the fields are just as in previous examples, so we omit them for 
brevity. Also as before, the chiral ring may naively appear to consist of differential forms on 
P 1 x C 4 , but since there is a potential the bosonic zero modes can really only run freely over 
the vanishing locus {Gi = G 2 = 0}. The chiral ring is therefore the restriction of differential 
forms on the ambient to the vanishing locus, just as before. 

3.4.1 Classical contribution - worldsheet genus zero 

Let us now outline how one computes the classical contributions to correlation functions in 
this twisted theory. This will be very closely related to the analogous computation for the 
quintic. 
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For simplicity, we will only work on P 1 . For the same reasons as in the quintic example, 
there are no p a , p a , ip^, tpl, ipz, or V'l zero modes. There are as many x % zero modes as the 
dimension of P 1 x C 4 , and as many \ v zero modes as the rank of 0{— l)® 2 . The Riemann 
curvature four-fermi terms with factors of ^i, ip l z , tp?, and ^f, namely, all but one, do not 
generate any effective interactions on the classical component of the bosonic moduli space. 
Similarly, the only interactions generated by the superpotential are those involving only x's. 
Hence, correlation functions have the form 

(O, ■ ■ ■ O n ) = [ d 2 ^ [ TT d X Wdx Pa d& 1 ---O n 

JpixC 4 J • 

•exp (-2|G!| 2 - 2|G 2 | 2 - x'lfDiGa ~ X Pa X 7 DjG a - R^x'x^x") ■ 

Readers well acquainted with Mathai-Quillen forms will note that, again, we have a Mathai- 
Quillen form, and can anticipate the result. 

Performing the x Pa an d X Pa Grassmann integrals gives 

(Oi ■ ■ ■ On) = [ d¥ / n dxWo, •••an (I AGaxf + Rip^kX'x") 

•exp(-|G 1 | 2 - |G 2 | 2 ), 

where irrelevant factors of 2 have been omitted. 

As before, let us examine this in the two scaling limits A — ■> and A — > oo where Gi h- > AGj. 
Since the superpotential is BRST-exact, we should get the same result for all A, and since 
this theory should be in the same universality class as a NLSM on the small resolution of 
the conifold, we should also get (for all A) the same correlation functions as in the NLSM. 
Mathematically, this is guaranteed by the fact that the general expression, valid for all scales, 
is the Mathai-Quillen form. 

In the A — > limit, the expression above becomes 

(Oi ■ ■ ■ o n ) = J fi c4 rf¥ J n dx l dx l o, •••an (R^pakx'x") ■ 

After integrating out the x\ this can be expressed as 

Ui A ■ • ■ A oj n A Eul. 



/pl xC 4 

As discussed previously, this is equivalent to 



u)i\ Y A • • • A u n \ Y , 



Y 
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where Y is the complete intersection {G\ = G2 = 0} defining the small resolution. This is 
obviously the classical contribution to the corresponding correlation function in the A-twisted 
NLSM on the small resolution, exactly as expected. 

Next, let us consider the A — > 00 scaling limit. Here, we could just as well integrate only 
over the total space of the normal bundle J\f to the vanishing locus {G\ = G2 = 0}, so this 
becomes 

{O x ---O n ) = J^d 2 ^ J ^dx l d X J O l ---O n ^(\ [ D l G aX l \ 2 )e^{-\G l \ 2 - \G 2 \ 2 ) . 

First, note that as before, the correlation function will be independent of the detailed form of 
the G a : integrating over the bosonic zero modes normal to the vanishing locus {G\ = G2 = 0} 
will generate factors of DiG that exactly cancel those appearing in the integrand above. 

The factors of x % i n the integrand are responsible for a selection rule that insures that the 
sum of the U{X)r charges of the Oi adds up to a top-form on {G\ = G 2 = 0}, instead 
of the ambient space P 1 x C 4 , just as in previous examples. As before, these correlation 
functions define a product structure on the correlators that only sees the restriction to the 
vanishing locus, in agreement with our general remarks on the chiral ring. Finally, the 
X l D{G a insertions have the effect of killing off any part of the CVs that is normal to the 
quintic, just as before. 

As expected, these computations match the classical contributions to correlation functions 
of the A-twisted NLSM on the small resolution. In effect, we are working on the normal 
bundle of the embedding and restricting to the vanishing locus, another computation very 
much in the spirit of virtual fundamental classes. 

In particular, we see that rescaling the superpotential interpolates between Euler class in- 
sertions and virtual-fundamental-class-type computations of the correlation functions. 

3.4.2 Maps of degree greater than zero 

Next, let us consider correlation functions in a sector of maps of degree d > 0, on a genus 
zero worldsheet. Here, the <j) 1 zero modes map out a moduli space Add of maps into P 1 x C 4 
of degree d, with A4d = P 2d+1 x C 4 . The x % zero modes are now holomorphic sections of 
0*T(P 1 x C 4 ), of which there are 4 + 2c? + 1 = 2d + 5. There are no ip l z , ip? or ?/>| zero 
modes, noir^l p z zero modes, though there are x p zero modes. 

23 If there were p z zero modes, then we would treat them by doing an ordinary integral over the vector 
space of p z zero modes. In fact, those zero modes would themselves comprise fibers of a vector bundle over 
Aid- Suppose, for the sake of argument, that the zero modes of p a z were sections of ® 0*O(1) 2 , of which 
there are 2{d — 1). Strictly speaking, the zero modes of the p a z fiber over the bosonic moduli space Aid, to 
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Putting this together, we find that correlation functions are given by 




dx'dx'dxldxl 0i ■ ■ • O, 



X*xSAG« - xlx 7 DjG a - R^x'xlxlx" 



The G a are the sections induced by the G a ; there are as many G a induced sections as x p a zero 
modes. (Mathematically-inclined readers will note that, again, we have a Mathai-Quillen 
form.) 

Integrating out the Xa' s yields 



(Ox ■ • • O n ) = / d 2 0* / d X l dx l O x ■ ■ ■ O n H I \ X l D t G a 



M d 




■ exp 



(omitting irrelevant factors of 2). 

Since this Landau-Ginzburg theory should be in the same universality class as a NLSM on the 
small resolution, we should get matching correlation functions. To that end, note that the x % 
factors in the integrand enforce the correct selection rule: the correlation function will only be 
nonvanishing when the sum of the degrees of the correlators Oi equals (2d + 5) — (2d + 2) = 3, 
which is precisely the usual selection rule for Calabi-Yau threefold targets in NLSMs. 

Next, let us perform a more detailed analysis for the two scaling limits A — > 0, oo of the 
superpotential: Gi \— > XGi, G a i— ► XG a . 

First, consider the A — > scaling limit. Here, the correlation function reduces to 



(0i ■■■o n ) 



M, 



dy / dxwo, ••■an 



form a rank-2(d — 1) vector bundle. We can derive the exact form of that vector bundle in several ways, as 
discussed previously. For example, since the total space of O(l) 2 — > P 1 x C 4 is a toric variety, we can modify 
the methods of [2] (to take into account the twisting of the p field) to construct the GLSM moduli space, 
which will itself have the form of a bundle over above. Alternately, we can apply a slight modification 
of the results of [28) on induced bundles over toric variety moduli spaces, as discussed previously. In any 
event, the result of either computation is that the vector bundle is 



0(1) 



2(d-l) 



M d 
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Just as in all the previous examples we have seen, this is 

/ U! A--- Acj„ AEul(C(5)), 

JM d 

which is realizing localization via Euler classes, and in particular matches the result for the 
contributions for degree d curves to correlation functions in the A-twisted NLSM. 

Next, let us consider the A — > oo scaling limit. Here, the correlation function reduces to 
(0i---a> = J m d 2 f J dxV0 1 ---O n ]j(^x l D l G a \ 2 ^expUj2\Ga 



Just as in previous expressions of this form, the resulting correlation function does not 
depend upon the explicit details of G a , as the factor one gets from integrating out the 
normal directions in the Gaussian cancels the DG factors. The factors of \ l DiG a will have 
the effect of killing off any correlators in which Oj's have factors normal to the complete 
intersection, exactly as expected. 

Again, we have found a physical realization of a very simple example of a virtual fundamental 
class computation, matching the result for the correlation function in the NLSM. In this case, 
the virtual fundamental class does something intriguing: in the ordinary NLSM on the small 
resolution, there are multicovers, which means that to evaluate correlators in the A model 
one must pull down factors of four-fermi terms, generating the Euler class of the obstruction 
bundle. Here, by contrast, there are no four-fermi terms in the computation: we have 
replaced the multicovers with the vanishing locus of a section of some bundle. The results 
are the same, but they are realized in different ways. 

Also as before, the scaling A interpolates between Euler class insertions and computations 
in the style of virtual fundamental classes, as is typical of Mathai-Quillen forms. 



3.4.3 The corresponding GLSM 

Let us now discuss a corresponding GLSM. For simplicity, as this section is merely illustrative 
and not essential for the rest of the paper, we will only consider the special case of degree 
zero maps. 

We will describe small resolutions of the conifold by a GLSM with fields with U(l) charges 
as listed below: 



x y z t u v pi p 2 

o ooo T T =1 -f 
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and superpotential W = The fields above are twisted in the same fashion as the 

affine coordinates in the Landau-Ginzburg model above - most one way, the p's differently. 
The GLSM adds a bosonic scalar field a, which is invariant under the twisting, plus gauginos 
A±, which under the A- twisting behave as 

A+(= X z ) e r C oo (K-z) A_(=A) eY cao {0) 
A+(=A) er c =o(0) A_(=A^)er C oo(x s ). 

As for the quintic, the only gauge-invariant BRST-invariant operator is a, so we will be 
interested in correlation functions of the form (a k ). 

The interaction terms from the superpotential are of the form 

L w = -2|G!| 2 - 2\G 2 \ 2 - 2Y,\Pa Z d t G a \ 2 

i 

much as in the Landau-Ginzburg model discussed previously. In addition, just as in the 
GLSM for the quintic, there are Yukawa couplings of the form 

L Y uk = -oi?J$g ~ <?xY 

- <A4A 2 - 0YA - - <t> l x% 

where here the 0* only range over charged base fields, i.e. u, v, but not x, y, z, t. In addition, 
there are bosonic couplings of the form 

-M 2 5>f - §d 2 , 

i 

where the (ft 1 range only over u, v, and 

D = J2\<Pf ~ r, 

i 

where again the (ft 1 only range over u, v. 

Putting this together, we see that after reducing to zero modes, the contribution to the 
correlation function {a k ) from degree zero maps on a genus zero worldsheet S is 

^ = /n»/(^ p ) (^)n^v(^) (_l,a) * 

•exp^-Aldl 2 - A\G 2 \ 2 - A\a\ 2 J2^\ 2 ~ ^D 2 

-Ax l X P AGa - Axlx'd-fi a - AaxY - ~ 
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Here A is the worldsheet area and factors of 2 have generally been eliminated. The sums in 
the terms involving a and A should only sum over the u, v fields and their superpartners. 
The integral over the 0*'s should only integrate over a gauge slice; we have omitted that 
detail to leave the expression above in a gauge-invariant form. 

The analysis now proceeds in the same fashion as before. Integrating out the A, A zero modes 
yields 

•exp^-Aldl 2 - A\G 2 \ 2 - A\a\ 2 J2\^\ 2 ~ f^° 2 
- Ax'x^Ga - A x lx 7 djG a - Aa X Y ) , 

where in the (f> l x % factors in the integrand, one should only sum over the u, v chiral superfields 
and their superpartners. 

Next, let us integrate out the a zero modes. The only nonzero contributions to that integral 
must have equal factors of a and a in the integrand - hence, we must expand out exp(Aax l X l ) 
to fcth order in the integrand. When we do so, an integral of the form 

J d 2 a\(j\ 2k exp (-a|cr| 2 ) oc ar fe_1 , 

remains, where in this case a = -A^V \<t> l \ 2 - 
Therefore, we are now left with 



•exp A|Gx| 2 - |G 2 | 2 - ^AD 2 - A x l x v a d^ a - A&gdfi^ . 

Here, we have omitted numerical factors, as elsewhere, and in the new x n X n an d X)j \4> l \ 2 
factors in the integrand, the sums are only over the u, v chiral superfields and their super- 
partners. 

Finally, integrating out the x P i X p zero modes yields 

« = J wj x\dxw^ 2 m {A ^$ r i (n w° 



oxp( -A|Gi| 2 - A\G 2 \ 2 - ^AD 2 
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As in our previous GLSM computation, and also our LG computations, the overall factor 
of A in the integrand is canceled out by the (1/\^A) 2 factor that arises after performing 
the bosonic Gaussian integral over normal directions. In this fashion we see the correlation 
function above is independent of the area A of the worldsheet, as must be true in a topological 
field theory. Eliminating the factors of A, we can rewrite the expression above in the simpler 
form 

(* k ) = J u^j Utftf (*v) (0V) (E ( ^ fc )fc+ i (n ix^.n 

•ex P (-|Gx| 2 - |G 2 | 2 - |^ 2 ). 

As before, the \ % factors in the numerator yield the desired selection rule on correlators. 
Similarly, the detailed G a dependence is also canceler out when one performs the bosonic 
Gaussian, so that the final correlation function is independent of the detailed form of G a - 
as expected, since this is an A model correlation function. 

3.5 Remarks on virtual fundamental classes 
3.5.1 General observations 

In several examples so far, we have seen how Landau- Ginzburg model computations in 
a scaling limit realize some extremely simple virtual fundamental class computations. In 
simpler language, computations, which in a NLSM would involve inserting copies of the Euler 
class of a bundle into correlators, are replaced in Landau-Ginzburg models by computations 
in which one restricts to the zero locus of a section of a bundle. Replacing the NLSM with 
another QFT in the same universality class has changed the details of the computation 
of A-model correlation functions, and created a physical realization for some alternative 
computations. 

More generally |34j . the computation of the virtual fundamental classes uses the tangent and 
obstruction bundles^ to construct a cone over the moduli space (a space with linear fibers, 
not necessarily a bundle), which embeds into the obstruction bundle. One then intersects the 
cone with the zero section of the bundle (and counts with multiplicity). The computations 
we have seen so far correspond to the prototypical examples of this construction, in which 
the moduli space in question is defined by the zero locus of a section s of a vector bundle 
[27] [example 7.1.4.1 p. 177]. 

24 In general, the obstruction 'bundle' is actually a sheaf, and so the details are more technical than we 
shall describe here. In the examples we shall work with, involving toric varieties, the obstruction sheaf will 
always be a bundle. 



50 



Let us outline briefly how this arises. Let s be a generic section of a vector bundle £ — > X, 
with its zero locus defined as 

Z := {p eX\s(p) = 0}. 

Since the section is generic, we will have that the dime Z = n — r, where n is the dimension 
of X and r is the rank of the bundle £. Such a generic section induces a short exact sequence 
of bundles on Z: 

— > T z — > T x | z f U — > 0- 

Here, is the differential of the section. One can roughly say that since s is generic, it "fills 
out" £ and the map ds is surjective. 

The next simplest example of a virtual fundamental class concerns a smooth section of 
£ — » X that only fills out a subbundle £' G £. In this case, when £' has rank r' < r, the zero 
locus is of dimension n — r' > n — r: it is said to have excess dimension. This is because if 
s as a section of £ were generic, Z would have dimension n — r as before. Furthermore, the 
morphism induced by the differential of the section is no longer surjective. We can construct 
an exact sequence of bundles by taking the cokernel of £' in £ and restricting it to 20. This 
is known as the obstruction bundle, and fits in the exact sequence 

— > T z — > T x \ z £| z — > Ob — ► 0, (10) 

with Ob = (£/£')\z- Note that the Euler class of the obstruction bundle is of the 'expected' 
or 'virtual' dimension: 

dim c (Eul(Ob) n[Z]) = (n - r') - (r - r') 

= n — r. 

More generally, the virtual fundamental class may be realized using so-called "tangent- 
obstruction functors," which we can take to be sheaves T\ and T 2 on some space Z. Then, 
we construct a two-term locally-free resolution £\ — > £ 2 of these sheaves: 

— ► T x — > Ex — ► £ 2 — > % — »■ 0. 

For an extremely readable introduction to virtual moduli cycles couched in this type of 
language, see §3 of [35] . 

In our obstructed example, Tx\z an d E\z play the role of the two term resolution, with the 
morphism induced by Yukawa couplings such as 

We think of dW as a section of T*X, so that one obtains a section of TX by application of 
the target-space metric. Then, the differential of this section - in our language, DidjW - 

25 An exact sequence of bundles when the cokernel is locally-free, that is. 
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realizes the morphism. Thus, the superpotential gives mass to the fermions and defines the 
tangent and obstruction bundles respectively as the kernel and cokernel of this morphism. 
We will give an explicit example of our formalism that realizes an obstructed version of these 
constructions in the next section. 

Finally, because the method of steepest descent gives exact answers in these topological field 
theories, bosonic moduli space integrals can equivalently integrate only over the total space of 
normal bundles to the loci {dW = 0}, and exponential weightings of the form exp(— I^W^ 2 ) 
realize an intersection with the zero locus of a section of that bundle. At least at this general 
level, A-twisted Landau-Ginzburg computations should therefore always have a presentation 
that looks like some form of a simple virtual fundamental class computation. 

Granted, the examples of this phenomenon studied in this paper are all simple special cases 
of a much more general computational tool. However, we emphasize them nonetheless be- 
cause to our knowledge, physical realizations of virtual fundamental class computations have 
not appeared previously in the physics literature. After the early 1990s, when basics were 
first developed, mathematicians developed many techniques to study Gromov-Witten theory 
independently of input from physicists, and as a result, now have many very powerful tools, 
whose physical realization is largely unknown. Virtual fundamental classes are one example 
of such a mathematical tool, and as we have seen a physical realization of such computations, 
we feel compelled to point it out explicitly, even though the examples considered are very 
simple ones. 

It would be very interesting to understand the physical realization of more general virtual 
fundamental class computations, but it seems that will require working in A-twisted Landau- 
Ginzburg theories coupled to topological gravity, which we do not consider here. A simple 
example of a virtual fundamental class computation that is not equivalent to inserting factors 
of Euler classes, involves [S] genus one Gromov-Witten computations on the quintic. There, 
the obstruction "bundle" is actually a sheaf, not a bundle. 

We shall briefly return to the issue of virtual fundamental class realizations in [7] when study- 
ing heterotic versions of Landau-Ginzburg models. There, when studying simple examples, 
we shall again find that Landau-Ginzburg model computations realize correlation functions 
in a virtual-fundamental-class-type fashion. The correlation functions therein are computing 
the (0,2) version of quantum cohomology rings [2B], and so presumably physics is telling us 
about simple versions of the heterotic analogue of virtual fundamental class computations. 

3.5.2 An obstructed example 

So far, we have seen that A-twisted Landau-Ginzburg models construct the simplest ver- 
sion of a virtual fundamental class. Let us now see how to construct an example of the 
obstructed form - a la equation (ITUl) in section 13.51 - an example of a virtual fundamental 
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class construction with one more degree of complexity than those seen so far. 

Here, we examine a model in the same universality class as the A model on P 2 . Consider the 
A twist of the Landau-Ginzburg model on the total space of £ = 0(—l) © O(-l) — > P 3 , 
whose superpotential is defined with the aid of the section 



G 



Gl\ /</>! 

G 2 1 



1; 



of the dual bundle 0(1) © 0(1) — > P 3 . Clearly, G is a section of the subbundle 0(1) 
where the subscript denotes the first factor in S. In terms of the fiber coordinates {pi,p 2 } 
and the components {Gi,G 2 } of the section, the superpotential is 

W = p a G a = Pl G 1 . 



We utilize the notation in section 13.41 where fermions tangent to the base are twisted as 

^ + (= x l ) e r c ~ (0*T x ' Q P 3 ) vi(= 4) e r coo © (0*T o,1 P 3 ) vX 



VU= e r coo © (0*T 1,o p 3 ) v j vl(= **) g r coo («f t^p 3 ) . 

Similarly, the fiber multiplet is twisted as 

p a (= P a z ) g T c ~ {K* © 0X 1,0 ) p'(=rf) g r c ~ (if s © 0X ' 1 ) 

O e t c ~ [Ky, © </»*T^°P 3 ) ^-(= x a ) e r coa ((0*t°' 1 p 3 ) v 

Vi(= 4) e r c ~ (Z E © 0X o,1 p 3 ) V>+(= x s ) e r c ~> ((0*t 1 '°p 3 ) v 

Here, as before, denotes the vertical subbundle of T£. Again, there no surprises in the 
BRST transformations of the fields, so we omit them for brevity. 

Classical contribution in genus zero. 

Let us now outline how one computes the classical contributions to correlation functions in 
this twisted theory. Again, these computations will be very closely analogous to the ones for 
the quintic. 

As before, since we are working on P 1 , there are no p", p§, ?/>f, ipl, or i\fl z zero modes. 
There are three x % zero modes, and two \ a zero modes. There is exactly one non-vanishing 
Riemann curvature term, so that altogether, an arbitrary correlation function takes the form 

(0! • • ■ O n ) = J II dx l dx l d X a dx a O x ■■■O n 

• exp (-2|G!| 2 - x'x^AGi - X Pl X J Dfii ~ ^ExVxV) ■ 
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Note that there are no x P2 factors in the Yukawa terms, so that in order to saturate the 
integrals, we must bring down a curvature factor: 

(o 1 ---o n ) = J tfp j ]Jd X i dxVdx P HRimP,X i X J 9 P2P2 )0 1 ---O n 

• exp (-2|d| 2 - x'x^DiGi - X pl X J DjGi - Ri 1P1 p 1 X i X f X pl X pl ) ■ 

Note that we cannot bring down factors of Rijp^R^pn since these terms are respectively 
proportional to pip 2 and P1P2, and thus vanish for classical contributions at genus zero. 

We now consider the infinite scaling limit; we scale the section G by a factor A, and take 
A i— > oo. As A becomes very large, the remaining four-fermi term in the exponential is 
suppressed, so that the remaining x p integrals must be saturated by the Yukawa interactions: 

(0i • • • O n ) = [ d 2 <p i d\\R lJP2P2 xYg P2P m^X t D t G\ 2 )0 1 ■ ■ ■ O n e- 2|AGlp . 

The Gaussian causes the integral to be supported on an infinitesimal neighborhood of the 
zero locus of G, P 2 C P 3 , so we can take the integral to be over the normal bundle N P 2/ F 3. 
With this identification, and the interpretation of \x l DiG\ 2 as eating up the dx a integration 
along the fiber directions, we see that the correlation function becomes 

(Ox • • • O n ) ~ / d 2 ^d 2 x l Eul(Ob) O l ■ ■ ■ O n . 

Thus, we can explicitly see the emergence of tr F, for F the curvature of the subbundle 
C(l)2 C S, as the first Chern class of the rank one obstruction bundle (the Euler class). 

Similarly, we can take the A 1— > limit, wherein the section-dependent terms vanish, and we 
are left with only four-fermi curvature terms to soak up the fermionic integrals. Correlation 
functions then become 

(0i • • • O n ) = [ dVdVO! • • • OnR^R^y^g^x'xhV- 

We see that the path integral has inserted a factor of 

ci(0(l)i)Uci(0(l) 2 ), 

which by the short exact sequence 

-> 0(1)! -> 0(1)! © 0(1) 2 -> 0(1) 2 -> 

of bundles on P 3 is equal to c 2 (£) = Eul(f). 
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4 Landau-Ginzburg models on stacks and hybrid GLSM 
phases 



In examples studied earlier in this paper, we showed how, for example, a Landau-Ginzburg 
model on the total space of the line bundle 0(— 5) — > P 4 with suitable superpotential is 
in the same universality class (and hence has the same A model correlation functions) as 
a NLSM on the quintic. More generally, it should be clear that all large-radius phases of 
GLSMs have a representative in the same universality class given by a Landau-Ginzburg 
model on the total space of some noncompact toric variety. 

The non-geometric phases at other ends of GLSM Kahler moduli spaces also have a very 
simple description as Landau-Ginzburg models, but now typically Landau-Ginzburg models 
on stacks. This has already been discussed in a few examples in [14] . and is worth repeating 
here. 

The simplest example is the Landau-Ginzburg point of the GLSM for the quintic in P 4 : 
there, the Landau-Ginzburg theory is defined by a quintic superpotential over the orbifold 
[C 5 /Z 5 ]. A little more generally, if one has a complete intersection of hypersurfaces of degree 
d\, • • • ,d r , then the Landau-Ginzburg point will be defined by a superpotential on the total 
space of a vector bundle over the weighted projective stack W P^,- ,d r \- If the di have a 
greatest common divisor greater than one, then this weighted projective stack will be a 
gerbe, and the GLSM physics will (nonperturbatively) see the difference between the gerbe 
and the space defined by dividing out the gcd [36] . 

Another example is furnished by the GLSM for the complete intersection P 5 [3, 3]. Here, the 
D-terms are of the form 

J]N 2 - 3M 2 - 3M 2 = r. 

i 

For r > 0, the fa cannot all be zero, whereas for r < 0, the p a cannot both be zero. 
Thus, the theories for r > look like a family of Landau-Ginzburg models over 

Tot (0(3) © 0(3) — ► P 5 ) . 

For r < 0, the theory looks naively like some sort of Z3 orbifold of C 6 , fibered over P 1 . 
We can make this much more precise as follows. First, just as an abelian gauge theory with 
fields of charge, say, — k, +1, +1 describes the total space of the line bundle 0(—k) over P 1 , 
an abelian gauge theory with charges —1, +3, +3 describes the total space of a line bundle 
over a Z3 gerbe on P 1 , using the fact that one of the Z3 gerbes on P 1 can be described by an 
abelian gauge theory with two fields of (nonminimal) charge +3. This particular line bundle 
is commonly denoted "0(— 1/3)," and its total 'space' (more accurately, total stack) is a 
[C/Z3] bundle over P 1 . Similarly, the orbifold [C/Z^] is the same thing as the total space of 
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the line bundle 0(— 1/k) — * BZ^. Such bundles on gerbes will be discussed in more detail 
in [38]. 

In particular, the r < limit of the GLSM for P 5 [3,3] can now be trivially seen to be a 
Landau- Ginzburg model over 

Tot (C(l/3)® 6 — > GP 1 ) , 
where GP 1 denotes a Z3 gerbe on P 1 . 

Examples of this form were also recently discussed in |14j . such as the GLSM for the complete 
intersection P 7 [2, 2,2,2]. The Landau- Ginzburg point of this GLSM defined by a superpo- 
tential on the total space of the bundle 0{— 1/2) 8 — ► GP 3 , where GP 3 denotes a Z 2 gerbe 
on P 3 . The analysis here is closely related to the example above. Just as the total space 
of the line bundle O(-n) — > P N can be described by a GLSM with N + 1 superfields of 
charge 1 (for the base P N ) and one superfield of charge — n, the total space of the line 
bundle 0(—l/2) — > GP N can be described by a GLSM with N + 1 superfields of charge 
2 (for the base GP^) and one superfield of charge —1. In particular, the total space of 
0{— 1/2) 8 — > GP 3 describes a [C 8 /Z 2 ] orbifold fibered nontrivially over P 3 . 

Much of [H] was devoted to understanding this Landau-Ginzburg model: since the super- 
potential describes degree two hypersurfaces, at first glance it might appear that all of the 
fields along fiber directions are massive, leaving one with merely a NLSM on P 3 . Since the 
large-radius limit is a Calabi-Yau, the r C phase also ought to describe a Calabi-Yau, and 
further analysis reveals that this is exactly what happens. First, the fact that p fields have 
nonminimal charges means they describe a gerbe, not a space, and physics sees gerbes as 
multiple covers [37J. So, at minimum, we have a double cover of P 3 , not P 3 itself. Further- 
more, the mass terms degenerate along a degree 8 divisor, which defines a branch locus for 
the double cover. The conclusion is that this Landau-Ginzburg model flows tc@ a NLSM 
on a branched double cover of P 3 , branched over a degree 8 locus, which is a Calabi-Yau, 
known as Clemens' octic double solid. 

In any event, we see here that the "hybrid Landau-Ginzburg" phases appearing in GLSM 
Kahler moduli spaces are precisely Landau-Ginzburg models over stacks which are total 
spaces of vector bundles on gerbes. These bundles on gerbes will be described in greater 
detail in [38]; however, for the moment this should help the reader have a more precise 
understanding of the nature of the theories appearing in various limits of GLSMs. 

We shall return to the analysis of Landau-Ginzburg models on stacks in future work. 

26 Well, nearly to the branched double cover. In this particular example, the branched double cover has 
singularities, mathematically, but the GLSM does not have any noncompact branches. Physics actually sees 
a "noncommutative" resolution of the branched double cover, as described in [14] . 
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5 Conclusions 



After a review of B-twisted Landau-Ginzburg models on general spaces, we described A- 
twisted Landau-Ginzburg models. There are at least two different notions of A twist; we 
focus on one in particular. We check our methods by using pairs of Landau-Ginzburg models 
and NLSMs that are in the same universality class, and so should have the same topological 
subsector. We find that the Landau-Ginzburg computations give matching results, though 
the details of the computations differ. Our methods give (the first) physical realizations of 
some old mathematical tricks from the Gromov-Witten literature. Finally, we briefly outline 
how the hybrid Landau-Ginzburg models appearing at limits of GLSMs are Landau-Ginzburg 
models on stacks, though the bulk of the analysis is left for future work. 

One direction that would be interesting to explore would be matrix factorizations in gen- 
eral B-twisted Landau-Ginzburg models. For example, in a Landau-Ginzburg model over 
the total space of a vector bundle £ — > X, with suitable superpotential, the matrix fac- 
torizations should be equivalent to sheaf theory on the zero locus of the section defining 
the superpotential, as discussed earlier. Furthermore, Born-Oppenheimer analyses of matrix 
factorizations should imply that matrix factorizations behave well in families. To the best of 
our knowledge, these physically-motivated statements about matrix factorizations have not 
yet been proven mathematically. 

In this spirit, one also wonders if Landau-Ginzburg descriptions of universality classes con- 
taining NLSMs could shed any light on Kuznetsov's homological projective duality [391 HUJ 
HI]. This duality is conjectured [TUH2] to describe the relationship between different Kahler 
"phases" of GLSMs. Unfortunately, at present Kuznetsov's duality is described in a fashion 
that is difficult to work with. The idea here is that by replacing NLSMs with Landau- 
Ginzburg models, and sheaf theory with matrix factorizations, one might be able to get a 
more nearly symmetric description of the Kahler phases of GLSMs which might lend itself 
to a simplified description of Kuznetsov's duality. Furthermore, given a full understanding 
of Landau-Ginzburg models on stacks, it should be possible to compute Gromov-Witten in- 
variants of the noncommutative spaces that sometimes arise as homological projective duals 
by computing A-twisted Landau-Ginzburg model correlation functions. 

One direction that would be very interesting to explore would be whether these ideas could 
assist in physical constructions of mirror-symmetric theories. The methods described in the 
paper |16j . for example, produce physical theories in which the A twist of one is equivalent 
to the B twist of the other, but, which are usually not the same CFT, and hence are not 
mirrors in the full physics sense. One might speculate that by replacing NLSMs with Landau- 
Ginzburg models in the same universality class, one might be able to recast mirror symmetry 
as a relationship between different Landau-Ginzburg models in the same universality class. 
(This was the spirit of the work |43j, though with GLSMs instead of Landau-Ginzburg 
models.) One might further speculate that a modified version of [16] might produce physical 



57 



theories which do share the same CFT. 
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A Alternate A twist 

In section EH] we mentioned that, because the Yukawa terms break worldsheet Lorentz in- 
variance of the naive A twist, there are multiple notions of A twist one could apply to 
Landau- Ginzburg models. 

In this appendix, we are going to outline a different notion of A twist than what we have used 
in the vast majority of this paper. The alternative twist we shall discuss in this section was 
first used in another context by Witten in [H]. There, he was considering four- dimensional 
super- Yang-Mills theories on four-manifolds. Starting with an Af = 2 theory, he would 
break the A/" = 2 to Af = 1 by adding a mass term for the adjoint- valued scalar, and then 
topologically twist the Af = 1 theory. Unfortunately, the topological twist of the Af = 1 
theory was incompatible with the mass term, in exactly the same sense as we see here in our 
attempt to A twist Landau-Ginzburg models. 

Witten's solution to this problem was to promote the superspace integral to a section of the 
canonical bundle. The original mass terms appeared in the action multiplied by a section 
of the canonical bundle, which restored Lorentz invariance. Away from the zeroes of that 
section, one had an Af = 1 theory, which developed a gap in the IR, but along the zero locus 
of that distinguished section, the Af = 1 was effectively restored to Af = 2, giving rise to a 
'cosmic string' in the four- dimensional gauge theory. 

The two-dimensional analogue of Witten's solution is to multiply the superpotential terms 
by a section u of the worldsheet canonical bundle, effectively leading to worldsheet-position- 
dependent mass terms. In this section we will describe the resulting action and some of its 
features in greater detail. 

First, let us enumerate below which bundles the fermions couple to, and their new names, 
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after the A twist in the NLSM: 



p + {= p z ) e r coo (# E ® (0*r 1,o x) v ) v_(= x 1 ) e r coo (<f r - 1 *) . 

Thus, in order to make the superpotential Yukawa terms Lorentz-invariant after the topo- 
logical twist, we must multiply the term by a holomorphic section of and the 
ip+ip-L term by a holomorphic section of K%. (We are required to use a holomorphic section, 
not merely a meromorphic section, in order for the supersymmetry transformations to close. 
As a result, this twist can not be done on P 1 , but rather only on Riemann surfaces of genus 
g > 1.) Let to denote a holomorphic section of K^, then following Witten's analysis in [44J, 
we replace 

J d 2 8W($) ^ ujA J d 2 9W(<p). 

After making this change, the action has the form 

1 J^zL^dpdp + iB^dpdp + % -g^_D z pL + % -g^%D^\ + R r ^\^ k J l _ 

2 (uj A W) g^diWdjW + ciD^jW + Wp^D^W) , 
with supersymmetry transformations 





5<j) 1 = 




+ 


ia + ifj l _ 








5p = 


ia-p + 


+ 


ia + ip l _ 








= 5 X l = 


— <S_<9<; 


it* - 


- ia+^TiJ,™ 




ia+g^djWuj 




= H\ = 


—ct-dc, 


b T - 


- ia+ilV^f 




ia + g~ lj djWuj 




= m = 


—a + d(, 


tt* - 


- ia^{T) m ^ 


+ 


ia_g lJ djWU 


sp_ 


= w = 


— a + <9<; 


b l - 




+ 


iot-g tj djWu 



A careful reader will note that in order for the a + and a_ transformations to close, we 
must require Ouj = - so uj must be a holomorphic section of the canonical bundle, not 
just a meromorphic section. In addition, in the a+, a_ transformations, there is a potential 
difficulty, in that for the transformations to close, one must commute d past uj and <S_, which 
are neither constants nor antiholomorphic, and d past uj and a+, which are neither constant 

nor holomorphic. The fix is that a + E T (^K^j, LsT (fT^ 1 ), an d in the relevant terms, 

one has the products ujq._, uJa + , so that for suitable choices, ujol_ and uJa + are constant. 
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Defining a = a_, a = a+, we find that the BRST transformations of the fields are given by 



5(p l = iax 1 

S(f) T = ia X T 

5 X l = 

5X " = ° _ 

54 = -adfi - i(\\ J V' n „c : '' + iag^djWW 

5ifl = -ad(f) T - iax 7 T T w ijf - iag lj djWu. 



B A hypercohomology computation 

In this appendix we will argue a result on hypercohomology that was used in section [2T2l We 
would like to thank R. Donagi and T. Pantev for providing the argument which we repeat 
here. 

Let X be a variety and E an algebraic vector bundle over X of rank n. Let a G H°(X, E) 
be a section whose scheme-theoretic zero locus Y is smooth. We want to describe the 
hypercohomology of the complex (A'E v ,i a ) on X in terms of data on Y. The answer is as 
follows: 

Let k = dimY, N —>■ Y be the normal bundle of Y in X, and let iy : Y '—t X 
be the embedding map. Then there is a natural injective map 

i : N — ► E\ Y 

and if we write F = E\y/N for the quotient bundle, then the restriction to Y 
followed by projection to F gives a quasi- isomorphism 

(A'E v ,i a ) = i Y *(A'F v ,0)®A n ~ k N v . 

In particular if we apply this claim to the situation E = Qx an d ol = dW we get an 
isomorphism 

W(X, (A'T x ,i dW )) = ® a+b=l H a (Y, A b T ® A"~ fe iV v ), 
which is the result cited in section 12.21 

Next we shall prove the claim. First let us describe the map i. It is made out of derivatives 
of the section a and it can be described in local coordinates. The slick way of doing this is 
to use the jet bundle J l {E) of E. The section a of E has a first jet j x {a) which is a section 
in J l (E). The first jet bundle sits in a short exact sequence 

— ► E®9} x — ► J l (E) — > E — ► 
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and j l {a) maps to a. So when we restrict to Y we get that j 1 (a)\y maps to zero in Eiy 
and so is a section in E\y ® ^x\yi m ^ ac ^ a sec ti° n m the subbundle E\y ® A^ v . This section 
gives the desired map i : N —>■ E\y and the assumption that Y is smooth guarantees that % 
is injective. 

As an aside, note that in the case of main interest E = Q^, a = dW, the jet j l (a) is just 
the Hessian of W. In fact in this case the subvariety Y has virtual dimension zero, and we 
have a symmetric perfect obstruction theory for it given by Tx — > Q x where the map is the 
contraction with the Hessian of a. When restricted to Y, the image of this map is precisely 
the normal bundle to Y, sitting inside &x\y This also gives an isomorphism of the normal 
and the conormal bundle of Y. 

Returning to the proof, we have a natural isomorphism of complexes 

(A'E V , i a ) (g> A n E = (A'E,aA). 

The restriction to Y map composed with projection to F gives a map of complexes 

(A'E,aA) — ► z y *(A*F,0). 

Now tensor this map with A n E v and note that A n E^ Y = A n ~ k N v <g> A fc F v . Thus we get a 
map 

r : (A'E\ i a ) — > * y *(A'F v , 0) ® A n - k N v 

The claim is that r is quasi-isomorphism. This is easy to check since it is a local question. 
Locally on X we can split E as a direct sum of vector bundles E = V © Q, where V has 
rank k, Q has rank n — k, the section a of E is actually a section of V and as a section of 
V is regular. Then F = Qry and the Koszul complex (A'E v ,i a ) is isomorphic to a tensor 
product of the Koszul complexes (A'V v ,i a ) and (A*Q v ,0). The map r is just coming from 
the restriction map 

(A'V\l a ) — > iy*Oy 

which by regularity of a as a section of V is a quasi-isomorphism. 
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